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Abstract: This paper discusses the detection and analysis of the acoustic emission (AE)
signals to investigate the possibility of applying the AE technique for the in-process
monitoring of the friction-stir-welding process. Tests are carried out for joining similar and
dissimilar metals using a high-speed rotating tool under various rotational speeds and
traverse speeds and for different tool penetration depths. The results of fast Fourier
transform show that the amplitude of the AE signal in the frequency domain is sensitive to
the change in the depth of penetration of the tool. Signals in certain frequency ranges
disappear when the tool loses contact with the workpiece during the process. Discrete
wavelet transform indicates significant sudden changes in the decomposed signal in the
lower frequency ranges (higher levels) when the shoulder makes contact with or detaches
itself from the workpieces. By identifying the frequencies during the process and
analysing the wavelet decomposed signals in various levels or frequency bands, it is
possible to monitor effectively the transient welding state and to identify quickly 2the process
changes.

Keywords: acoustic emission, fast Fourier transform, power spectrum, short-time Fourier
transform, discrete wavelet transform, continuous wavelet transform, friction stir welding,

process monitoring

1 INTRODUCTION

Friction stir welding (FSW) is a solid-state joining
process where heat is generated when a rotating
tool plunges into the workpiece and its shoulder
comes into contact with the workpiece, resulting in
a thermomechanical state that is conducive for
material flow and weld formation. Because the mate-
rial offers resistance to the tool plunge, an equili-
brium steady state is attained after the start of the
process at a certain depth of penetration of tool
into the workpieces. This novel joining technique,
which was initially applied for joining aluminium
alloys, has now rapidly expanded its applications to
join steel and titanium alloys [1, 2]. Because of this,
monitoring of the weld quality and welding process
has become more important in recent years. In order
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ing, Southern Methodist University, Research Centre for Advan-
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to automate this process and to make it more
efficient, it must incorporate a technique for in-pro-
cess monitoring of the tool condition and the weld
formation [3].

Acoustic emission (AE) monitoring is widely used
for real-time detection of the cutting tool wear (4,
5] and for estimating the workpiece quality [6].
Chen et al. [3] discussed AE-based monitoring of
the FSW process. They mentioned that the fast Four-
ier transform (FFT) method is not appropriate for the
present case as the signal is time variant. Their
research focused on the investigation of AE signals
using wavelet transforms by having abrupt changes
in the workpiece geometry. Finally, they concluded
that the different types of defect yield different fea-
tures in a specific range of frequencies and the
band energy variation can provide an indication of
gap-induced defects. Chen et al. [3] also mentioned
that the largest problem in using AE to monitor FSW
is that a large number of components are involved in
generating the AE signals, making it very difficult to
extract the valuable features from the AE signals.
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The signals acquired during FSW are found to be
time variant in the plunge phase but produce a
steady power spectrum during the welding process.
In this paper, the signals acquired for different pro-
cess parameters during the steady state of the pro-
cess and also the signals obtained by abruptly
changing the parameters during the process are dis-
cussed. The informative features of the signal related
to the tool interaction with the workpiece and the
welding state are studied using the FFT, the short-
time Fourier transform (STFT) and the discrete
wavelet transform (DWT). It is difficult to correlate
the frequency of the signal directly to various inter-
actions that occur during the process, but loss of
contact between the tool and workpiece stands out.
The frequencies produced in a certain range disap-
pear immediately when this contact is lost. This
research will finally focus on showing the effect of
tool plunge depth increase on the acquired signals.

2 THEORETICAL BACKGROUND

AE signals are sound waves generated and propa-
gated in solid media. Generally, this signal is affected
by the characteristics of the source, the sensor, the
wave-travelling path, and the data acquisition sys-
tem. Therefore, it is intricate dealing with this kind
of signal and extracting the required information
from the raw data. Many methods are introduced
to tackle this problem, ranging from simple wave-
form parameter measurement in experimental tests
to pattern recognition approaches in online moni-
toring of the complex systems. The most important
signal-processing approaches used for extracting
useful information from an AE signal can be categor-
ized as follows.

2.1 Fast Fourier transform

This method is used to represent the frequency
response of a system. The FFT method has the cap-
ability to decompose the different frequencies in
the original signal that are related to different
sources. The Fourier transform of an energy-limited
signal x(n) can be written typically as

x(n) = %/700 X(0) " do (1)
where
X(0) = i x(n) eJon (2)

Equation (1) represents the decomposition of the
input signal x(n) to a series with weighting
coefficient X(w) for each harmonic of ¢“”. Equation

(2) is independent of time, showing the
composition of the frequencies for the stationary
signal x(n).

In this paper, the capability of the FFT method to
explain the lack of contact between the shoulder
and the workpieces will be represented. Since the
results are the frequencies averaged over the dura-
tion of the signal, the FFT cannot adequately
describe the characteristics of the AE signal at lower
frequencies. Therefore, other signal-processing tech-
niques are utilized to characterize the AE signal over
frequency ranges. FFT transformation plots with the
power spectrum over the discretized frequencies of
signal is the most commonly used tool to reveal the
power consumption pattern. Assuming the AE signal
to be x(f), the power spectrum density (PSD) of a sta-
tionary process is defined as [7]

o0

Pu(w)= > ru()e ™ ntez 3)
where
Io(t) = Ex(t)x(t+ k)], keZ (4)

For transient signals, a short time window is usually
applied to filter the signals, resulting in the so-called
spectrogram. However, for high time-variant signals,
the spectrogram may not be sufficiently suitable
since its accuracy for extracting the frequency
information is limited by the window length. So, in
this research the qualitative value of power spec-
trum density will be important when comparing
the results of different experiments.

2.2 Short-time Fourier transform

In an effort to correct the deficiency of the FFT
method, the STFT or Gabor transform was intro-
duced adapting the Fourier transform to analyse
only a small section of the signal at a time (window-
ing). The spectral coefficients are calculated for this
short length of data; then the small section is moved
to a new position and the calculation is repeated.
This method maps a signal into a two-dimensional
function of time and frequency and has diverse
application in the signal-processing area, especially
for the AE signals [8]. The formulation introduced
by Gabor assuming the energy limited signal of x(n)
with a Gaussian window can be expressed as

Xster(0.T) = / x(O)W(r—T) e " dt (5)
In equation (5), W is called the window function
with a time duration 7. The spectral coefficients
will be calculated assuming the same time duration
or the frequency bandwidth 1/T. The STFT plots
of a signal represent a compromise between the
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time- and frequency-based views of a signal. It
gives some information about the time and the
frequency at which a signal event occurs which is
of limited precision determined by the size of the
window. While the STFT compromise between
time and frequency information can be useful, the
drawback is that there are the same sizes of
window for all frequencies for a particular duration
of time.

2.3 Wavelet transform

The basic idea behind wavelet-based analysis is
to describe the non-stationary signal in a two-
dimensional space of timescale. Wavelet analysis
represents the windowing technique with regions of
various sizes. Wavelet transform allows the use of
long time intervals where more precise low-
frequency information is required, and shorter
regions where high-frequency information is
needed. It has a wide variety of applications in signal
processing mainly owing to the outstanding localiza-
tion property [9, 10]. For a given wavelet function
of () € I*(R), where L*(R) is the set of signals with
finite energy, the signal x(f) can be decomposed
using continuous wavelet transform with the
equation given by

<@m:mﬁﬂ

—00

x(r){p(%) dt, abeR a+0

(6)

where a, is the normalization factor and i is the
conjugate function of (f) with the scale
parameter a and shift value b.

For each given scale a, the wavelet coefficients C,
for b = 1 correspond to a length of signal x(#). C,;, is
a real or complex matrix depending on the wavelet
type. From equation (6), it is obvious that the matrix
C,p» will have numerous data stored and, in most
practical issues, some specific frequency bands that
are important to study. So, if the scales and positions
are based on powers of two, the analysis will be
much more efficient. In 1989, Mallat [11] introduced
a fast wavelet decomposition and reconstruction
algorithm that is classically called DWT. The idea
was to develop a practical filtering algorithm that
yields fast wavelet transform. The algorithm is well
known as a two-channel subband coder using conju-
gate quadrature filters or quadrature mirror filters. It
looks like a box into which a signal passes, and out of
which wavelet coefficients quickly emerge. In DWT,
the scale parameter a and position parameter b can
be written as

a=2, b=kY, (k) ez’ (7)

As mentioned before, the ultimate goal in
wavelet transform is to decompose the original

=]
foh b
SRR
[k [

A3 gets decomposed further into approx.
and detail.

Fig. 1 Wavelet decomposition tree showing approxima-
tions and details of signal for three levels

signal into a series of approximations (labelled A)
and details (labelled D) distributed over different
frequency bands, preserving the characteristics of
the time domain and frequency domain. The
decomposition tree is shown schematically in Fig. 1.
The characteristics of frequency and time are
preserved simultaneously in this decomposition
and the frequency band of approximation and
detail for a level [ are [0,1/2f2-!] and [1/2f2-1,1/2f2-0-D]
Integration of the wavelet signals over time yields
the wavelet energy contained at a particular time-
scale. Such scales carry maximum information about
the process under analysis and they should be stu-
died more carefully. On the other hand, the scales
with smaller values of energy contain virtually no
useful information and can be excluded from con-
sideration. The wavelet energy is given by

1 N
Energy(a) =+ >~ CZ, (8)
b=1

where N is the number of sample points in time and
C,» is the wavelet coefficient.

3 EXPERIMENTAL SET-UP AND PROCEDURE

An adapted automatic computer numerically con-
trolled milling machine was used for FSW (Fig. 2).
It provides a wide range of rotational and traverse
speeds, and the depth of penetration for the welding
of the workpieces. The workpieces, 6 mm thick,
200mm long, and 50mm wide, are friction stir
welded along the butted joint. The tool is made
from CPM-1V tool steel and consists of a shoulder
of 24 mm diameter and a pin of 6 mm diameter and
5.5mm height.

An online AE monitoring system was used to
detect the welding state and to evaluate the weld
quality during the probe penetration, welding,
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ertical force sensor

Fig. 2 Fixture for FSW with AE sensors

and pin pull-out. The two AE sensors are arranged
symmetrically on both sides of the butting joint of
the parts with a distance of 70 mm to the butting
line and mounted on the top surface of the work-
piece. A couplant is used to provide a good acoustic
path between the workpiece and the sensor.

AE sensing is based mostly on processing signals
with a frequency range from 10kHz to about
800 kHz for machining processes with cutting opera-
tions [12]. From the preliminary studies, the fre-
quency range for the FSW process is between 100
and 300 kHz. Before the start of the process, the AE
test results recorded on the butted plates with the
machine in the running mode were found to contain
noises due to machine vibration at amplitudes below
45dB. In order to filter out the mechanical noise, a
bandpass filter was used for collecting signals in
the range 10-400kHz during the FSW process. The
AE signal data from the two sensors (channel 1 and
channel 2) were found to have the same frequency
and amplitude response by calibration. The AE data
generated during welding were collected for the entire
welding process, progressively amplified through the
preamplifier with a 40dB gain, passed through the
10-400kHz bandpass filter to filter out the low-
frequency noise, and transmitted to the signal proces-
sor, as shown in Fig. 3. The AE voltage output was
sampled by the MISTRAS data acquisition system at
a rate of 1 MSPS (million samples per second).

Three experiments were conducted joining the
aluminium alloy 6061 workpieces. Experiment 1
involved variation in the rotational speed of the
tool, in three stages: 500, 750, and 1000 r/min. Dur-
ing experiment 2, the welding speed and rotational
speed used during the first half of the process, which
had been maintained at 75 mm/min and 400 r/min
respectively, were suddenly changed in the second
half of the weld to 50 mm/min and 750 r/min respec-
tively. The objective of experiment 2 was to observe
the change in the AE signal due to the drastic varia-
tion in the thermomechanical condition that exists
in the weld zone. In experiment 3, the depth of pene-
tration was increased from 0.2mm initially to
0.4mm and then further to 0.6mm. The contact
between the tool shoulder and the workpiece is not
properly established initially, but a very good contact
condition is obtained in the later two stages of the
process. The welds obtained under the various
process parameters are shown in Fig. 4.

4 RESULTS AND DISCUSSION

4.1 AE signal from the FSW process

As mentioned in section 3, the acquired AE data are
amplified and passed through a bandpass filtering
system to allow the specific amplitudes of AE data
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Pre-Amp 45dB

Band-pass filter 10kHz-400kHz

MISTRAS
DAQ

Direction of welding

»

Fig. 4 Top view of the friction stir welds shown after (a) experiment 1, (b) experiment 2, and
(c) experiment 3 (AE signals acquired along the marked regions are actively considered for
analysis). 500/75/0.3 means a rotational speed of 500 r/min, a traverse speed (welding speed)
of 75 mm/min and a depth of penetration of 0.3 mm into the workpiece

to be recorded. Generally, AE signals are one of two
distinct kinds: the continuous AE signal that arrives
at the transducer in large numbers when distinct
events cannot be observed, and the impulsive

signals that distinguish the AE events. AE signals
are transient elastic waves propagated through the
solid media during the operation of FSW. The AE sig-
nal will be detected by the sensor when a distinct
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Fig. 5 Accumulation of hits detected using the AE sensor
in FSW for different process parameters

wave has the capability to pass the filtering system.
Figure 5 shows the recorded waves (also known as
hits) over time in the different experimental
conditions shown in Fig. 4. The spread of these hits
explicitly demonstrate the change in the amplitude
of the waves when the process parameters change.
Each hit observed in Fig. 5 happens in a specific

time duration during which the process contains a
distinct discrete-time signal with the amplitude of
the voltage over time.

Figure 5 shows how the amplitude of the recorded
hits varies with the changing rotational speed, feed
rate, and penetration depth of the tool. The difference
between the amplitude of hits mainly depends on the
thermomechanical conditions in the welding zone,
which change dramatically with temperature and
stress. An increase in the rotational speed changes
the heat input to the welding zone, resulting in an
increase in the shear rate of the workpiece in the ther-
momechanically affected zone (TMAZ). An increase
in the feed rate, on the other hand, decreases the
heat input and leads to cutting of the material rather
than plastic flow of the material around the tool pin.
Lack of proper contact between the tool shoulder
and the workpiece leads to insufficient heat for plasti-
cizing the underlying material. The penetration depth
parameter ensures this contact during the FSW
process. A large penetration depth leads to greater
stress in the TMAZ and surface void generation.

Figure 5(a) shows the effect of the rotational speed
on the amplitude of hits obtained from AE sensors. It
is obvious that rotational speed change does not
have a major impact on the amplitude during the
process. Figure 5(b) represents the drastic change
in the process parameters on the signal amplitudes.
This change clearly produces a shift in the amplitude
range. In Fig. 5(c), initially there is lack of contact
between the tool and workpiece, producing a signal
with random amplitudes. However, once the contact
is established, the amplitude range becomes
uniform.

Cumulatively, Fig. 5 helps the qualitative changes
in amplitude of the AE hits when the material
properties change drastically because of the varying
thermomechanical and contact conditions in the
FSW process to be understood.

4.2 Processing the AE signal

4.2.1 Study of the effects of the changes in the
rotational speed and the welding
speed on the AE signal

Experiment 1 involved an increase in the rotational
speed of the tool in three stages while maintaining
the welding speed and the depth of penetration con-
stant during the entire process. Many workers [8, 13]
have discussed the direct quantitative relationship
between the heat generated and the tool rotational
speed. As the speed increases, the material in the
weld zone, TMAZ, and the heat-affected zone
starts to plasticize, further leading to an increase in
the actual depth of penetration and a decrease
in the interaction force between the tool and the
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Fig. 6 PSD versus frequency plots for different process parameters: (a) experiment 1; (b) experiment 2

workpiece. It has been observed that only under the
existence of certain thermomechanical conditions
will weld formation without a void be successful
(14, 15].

From the qualitative observation of the weld in
experiment 1 (Fig. 4), the following can be summar-
ized. For a rotational speed of 500 r/min, there is sur-
face void formation, indicating lack of proper
contact between the shoulder and workpiece. For a
rotational speed of 750 r/min, a good weld with no
defect is formed. For a rotational speed of
1000 r/min, there is an internal defect, indicating
that excessive heat has caused the aluminium to flui-
dize greatly, leading to the generation of the void at
the interface of the TMAZ and the weld nugget.

Figure 6 shows the FFT of the AE signal for differ-
ent process parameters. The frequencies of the AE

signal from the FSW process lie in the ranges
100-170 kHz and 215-260 kHz. The PSD in Fig. 6(a)
for experiment 1 shows that it increases as the rota-
tional speed increases from 500 to 750r/min but
lies mainly in the frequency range 100-170kHz,
explaining that the effect of better contact between
the shoulder and the workpiece leads to an increase
in the PSD without any major change in the fre-
quency range of the signal. However, during the
change in the rotational speed from 750 to
1000 r/min, it could be seen that the values of the
PSD decrease in the region of 100-170kHz but
increase in the region of 220-260 kHz. This may be
explained by the fact that, as the temperature of
the workpiece material comes closer to its melting
point, the material resistance to the tool becomes
negligible and the material flows without resistance
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Fig. 7 DWT results depicting changes in the FSW parameters for (a) experiment 1 and
(b) experiment 2
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@ around the tool pin. This leads to AE signals that
: show up in the higher frequency range.
Figure 6(b) depicts the PSD versus the frequency

., plot for experiment 2 (Fig. 4) wherein the initial pro-
cess parameters 400r/min and 75mm/min are
changed to 750 r/min and 50 mm/min, leading to a
steep rise in the temperature input to the workpiece,
2N il which in turn induces a very high thermal stress in
- W s the weld zone. It can be observed that this change

5, L Y in the process condition leads to a large increase in

7N Ve the PSD in the frequency range 90-170kHz. The

g macrosection of the weld shows that initially there

is a surface void while, after the change of parameters,

a good weld without an internal void is obtained.

The PSD of the second case (750r/min and

50 mm/min) in experiment 2 resembles closely the

PSD in the second case (750 r/min and 75 mm/min)
in experiment 1.

Figure 6 also shows the various peaks of the PSD,
with the highest being at a frequency of 140kHz.
The origin and source of those frequencies with
higher PSD could be any noise, any new contact
that generates new frictional forces, and a solid or
semisolid state of shear. Based on the information
on FFT diagrams and without using any other signal-
processing technique, the time to the process
changes or the particular origin of the various peaks
in the PSD cannot be identified.

Figure 7 represents the DWT of the AE signal for
experiments 1 and 2. In this figure, the transforma-
tion has been carried out up to nine levels. The pro-
cess parameter changes occur in the zones of P1 and
P2 indicated in Fig. 7(a) in time intervals of 40-50s
and 85-95s respectively. Similarly, the process
change occurs in the zone of P3 in Fig. 7(b) in a
time interval of 55-65s.

Level 9 in Fig. 7(a) (experiment 1) shows that
changing the rotational speed from 500 to 750 and
then to 1000 r/min has eliminated the large fluctua-
tions in signal and made it more stable. There is little
resistance offered for the tool pin movement
through the workpiece at these rotational speeds.
Figure 7(b) shows the reverse trend where a stable

Amptude (mV)
: y

(b)

Amplitde (mV)

()

Amplitude (mV)
. 1 o

Fig. 8 Three-dimensional plots of zoomed DWTs for
sudden changes in parameter for (a) experiment
1, P1 (40-50s), (b) experiment 1, P2 (85-95s),
and (c) experiment 2, (55-655s)
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Fig. 9 STFTs of the experiment with changes in the process parameters indicated as darker regions
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Fig. 11 PSD result for experiment 3

signal at level 9 becomes relatively unstable. This is
caused because of the better contact between the
shoulder and the workpiece. From this analysis, it
can be seen that a stable signal does not necessarily
mean that the process is producing a good weld
when in fact the indications are the opposite. The
centre-line-type rectangles (indicated by regions
P1, P2, and P3) drawn in Fig. 7 were used to zoom
the specific areas of interest when the process para-
meter changes suddenly and these are illustrated as
three-dimensional plots in Figs 8(a), (b), and (c)
respectively, with time-level and amplitude axes.
Figure 9 shows that the AE signals are also ana-
lysed with STFT with a plot of frequency versus
time. The darker regions in the figure indicate the
intensity of the PSD; the darker the region, the

stronger is the PSD in the frequency band. A band
of darker region exists around the frequency range
100-170kHz, indicating that most of the AE signal
lies in this area. Figure 10 shows the percentages of
the wavelet energy at different levels for the entire
process in experiments 1 and 2. Higher percentages
of energy in levels 2 and 3 indicate that much noise
is generated at lower frequencies during the process.

4.2.2  Study of the effect of the penetration depth
on the signal

In the experiments discussed in the previous section,
it was observed that a distinct frequency range
between 220 and 260 kHz existed that did not exhibit
a PSD comparable with the frequency band of
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100-170 kHz. In order to study the source of this fre-
quency further, an experiment was performed in
which the depth of penetration is intentionally var-
ied during the course of the process. The initial
penetration depth of 0.2mm was increased to
0.4 mm during the process, maintaining the rotation
speed as 500r/min and the welding speed as
75mm/min. During the first stage of this
experiment, there is hardly any contact between

S \\X/(?/ a

1

(@) DWT of the signal from experiment 3 in the time period 50-60s and (b) its three-

the shoulder and the workpiece, indicating that the
pin is cutting through the aluminium alloy rather
than mixing the weld zone in its plastic state. How-
ever, once the depth of penetration is increased to
0.4mm, very good contact is established between
the shoulder and workpiece and the material starts
to plasticize from the frictional heat and flow around
the pin. Also, the weld is formed without internal or
external voids. The penetration depth was then
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approximation and details in DWT

further increased by 0.2 mm to 0.6 mm. At this stage,
the start of void formation in the weld zone was
observed.

The FFT results for this experiment are shown in
Fig. 11. They indicate that the increase in the pene-
tration depth that leads to the establishment of the
contact is the main reason for the appearance of
such higher frequencies in the range of 220 and
260kHz. There is also an appreciable increase in
the power spectra and the peaks tend towards
150 kHz from 130kHz. This clearly shows the possi-
bility of monitoring the loss of shoulder contact
with the workpiece.

Figure 12 gives the wavelet decomposition of the
signal for experiment 3. The region denoted P4 indi-
cates the time duration when the contact is estab-
lished by increasing the depth of penetration. The
approximation plot from the wavelet decomposition
(A9) in this region shows the instability in the signal,
indicating a major change in the process, which in
the present case occurs during the establishment of
the contact.

Figure 13 gives the STFT results and the energy
percentage at the different levels for experiment 3.
The STFT hardly provides any information other
than indicating the development of a darker region
during the process after the contact is established
in the frequency band 220-260 kHz.

5 CONCLUSIONS

At the end of the initial plunge phase and the start of
the welding process, FSW attains a steady state when
the thermomechanical conditions in the active weld-
ing region remain constant. However, if the process
varies in this period, the quality of the weld is
affected. AE signals are acquired with different pro-
cess parameter variations, and signal-processing

(b)

Wavelet anergy (%)

(a) STFT results for experiment 3 and (b) the percentage of energy related to the

techniques such as FFT, STFT, and the wavelet
transform are used to distinguish these variations
as they happen to provide real-time feedback.

There are two distinct frequency ranges observed
during the process. The results show that increases
in the thermal stress and temperature of the
workpiece lead to an increase in the PSD of the sig-
nals in the lower-frequency band 100-170 kHz. How-
ever, once the temperature increases and nears the
melting point of the workpiece, the power spectrum
amplifies in the higher-frequency range 220-260 kHz
and diminishes in the lower-frequency range
100-170 kHz. The results also show that the signals
in the higher-frequency range disappear when the
tool loses contact with the workpiece. On decom-
posing the signals using wavelet transforms, it was
observed that a stable process producing good weld
results in more fluctuation of the approximated level
of the signal in comparison with weld formation
with voids. The wavelet transforms also show
that a change in the contact condition between the
shoulder and workpiece results in a spike in the
approximation plot.

The short-time Fourier transforms of the signals
are also plotted, but very little information could be
gathered from them for monitoring the FSW process.
The representations of the wavelet energy signature
over the frequency band for different parameters
show similar energy levels and the lack of any varia-
tion to associate them with the process changes.
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APPENDIX

Notation

a scale parameter (each scale represents
a frequency)

ap normalization factor

A1-A9 approximation levels (low-pass filters)

b shift value or position parameter in
time

Cpop(x) wavelet coefficients for the signal x(z)

D1-D9 detail levels (high-pass filters)

el harmonics in the fast Fourier transform

E[x(0)] energy of signal x(?)

Energy (@) band energy corresponding to scale a

f frequency of the signal (kHz)

l level of wavelet decomposition

P, (w) power spectrum density

Tix autocorrelation for the digital input sig-
nal of x(n)

t time (s)

Wie—-1T) window function for time duration T in
the short-time Fourier transform

x(n) energy-limited digital signal

x(0 acoustic emission signal function of
time

X(w) weighting coefficient for the fast
Fourier transform

() wavelet function

(1) conjugate wavelet function
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