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The objective of this paper is to introduce a simple and effective method for selecting the optimal combination of the

most significant abrasive water jet cutting parameters to achieve a predetermined oeprr of cut in a concrete slab' lt is

shown that the principles of tuzzy set-tireory could be etfectiveiy used to simulate human experience and the

experimental information that is normally ur.d fo, controlling the process. This approach will eliminate the need for

extensive experimental investigation. Furthermore, it is posiinn t,o.develop an expeft system that can be used by

control system engineers in devisinj a strategy for controlling the abrasive water jet cutting process'

lntroductlon

The main objec{ive in using the abrasive water iets in

the rehabilitation of portland cement concrete (PCC)
pavement slabs is to notch the slabs deep enough for
propagation of a pattem of cracks below the surface

iudiect to an appropriate compressive load. The depth

of ine notches wial depend on the strength of the
pavernent, presen@ of the reinforcement and the

br."Orr sbfecteO for imposing the comqressjve load

iusually heaw tires). From a practical point of view, it

il ittp6tt"nt to be a-Ote to select in advance an optimal

conDination of abrasive water iet cutting process

variables for a given dePth of cut.
To produce icavity with controlled depth is a basic

prcbhm in slotting (notching) operation with an abrasive

water iet (AWJ). rne depth of penetration depends not

onry oh dre a5rasive water iet parameters. (water iet
ptess.rte, abrasive flow rate, etc-), but also on the

nrecfrani:s ol the iet-material interaction'
The rnatlrematical rnodelling of the physics of the

AWJ process is sornewhat limited due to its inherent

complexities and a less than full understanding of it.

The'fuzzy logic in such cases can be very useful- lt can

be looked upon as an interface between the qualitative

world of human thinking and the quantitative world of

engineering. lt provides a translation of luzzy (qualitat-

ivej variables such as big, shallow, fast, slow, etc., into

a specific output using luzzy relations (1'2)' :
Since extensive anlryses of the effects of various

abrasive water iet parameters on depth of cut in

portland cement concrete have already been reported

by Fovacevic, Ram and Hirsher (3), the obiective in this

pip", is to develop a methodology for finding an

bpiimar combination of the AWJ process variables to

generate a required depth oJ cut in these concrete

i6nr using luzzy logic. Fuzzimetric arcs are used for

partitioning tne univeise of discourse and choosing the

iuuy set inapes for the control variables (4). The study

tugger6 tnai tne methodology can lead to the develop-

rnent of an expert system, useful to control system

engineers in establishing a strategy for controlling an

AWJ cutting Process-

DeveloPment ol FuuY Algorithms

The main factors atfecting the cutting performance of

an abrasive water iet are: water iet pressure, abrasive

flow rate, iet traverse speed, abrasive size, standoff

d is tance,angteo| impact ,and ie td iameter .F igure l
illustrates the various factors that can affect the AWJ

process and consequently the cutting performances.
'ittiri"nry 

and accuracy of slotting can be improved by

a proper choice of the process pararneters'
ln order to use the fuzzy set theory, it was important

to establish minimum/maximum inpuvoutput values. In
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Nomenclature

depth of cut
reference dePth of cut
water jet pressure
abrasive flow rate
ratio of actual dePth of cut to
reference dePth
jet traverse sPeed
universe of discource
membershiP function
accuracy of estimation
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this study, the water jet pressure ranged from 102 to
236 MPa, the abrasive flow rate from 4.5 to 9.07 g/s,
and the jet traverse speed from 0.85 to 6.77 mm/s.

Several tests were conducted to determine the values
of depth of cut for selected cutting conditions. During
the tesls, one of the three selected variables (water jet
pressure, abrasive flow rate, or jet traverse speed) was
varied from minimum, medium, to maximum levels
while the other two were kept constant. The results are
shown in Table 1. The depth of cut of 69.8 mm
obtained at a water jet pressure of 172 Mpa, an abras-
ive ffow rate of 6.78 g/s, a jet traverse speed of 2.4
mm/s and a standoff distance of 15 mm is taken as a
reference Point (do).

Now, varying any of these parameters will affect
cutting depth. For instance, with reference to d*o,
increasing jet pressure and abrasive flow rate will
increase the depth of cut while increasing traverse
speed will have the reverce effect [see Figure 2 (3)1.

Since the main objective of this worft is to illustrate
the use ol tuzzy logic in selecting the AWJ parameters
to achieve a given depth of cut, for simplicity, a single
input - single output approach is adapted. The changes
in the depth of cut with respect to the reference depth,
caused by variations in the water jet pressure, traverse
speed and the abrasive flow rate are selected as the
universe of the input and the conesponding abrasive
water jet cutting variables are selected as the universe
of the output. The total depth of cut is then determined
by:

n
6 = d o f f  R i

i=1

where R, is the ratio between the actual and the basic
reference depth of cut (Ri = d/db), and i is the number
of selected cutting parameters (table 2).

The fuzzy set theory has been quite successful in
analyzing complex or uncertain systems which cannot
be described mathematically. A tuzzy system associ-
ates an output tuzzy set with an input tuzzy set and is
characterized by a set of linguistic statements based on
expert knowledge. The expert knowledge is usually in
the form of "if-then" rules, which are easily implemented
by tuzzy conditional statements in tuzzy logic. A human
operator employs a set of tuzzy "if-then" rules to control
the process under consideration (1 ,2, 4).

The key concept throughout tuzzy set theory is the
definition of a tuzzy set. A tuzzy set in a universe of
discourse U is characterized by a membership function
Fr : U - t0,1). The primary tuzzy sets (linguistic terms)
ustlally have a rneaning such as big, negative medium,

, positive big, etc. The membership function of a

Iuzzy set in the continuous universe of discourse is
expressed in a functional form, typically bell-shaped,
triangular, trapezoid, trigonometric circle, etc.

The trigonometric circles were adopted for partitioning
the universe of discourse. lt has been shown by Kouaili
and Jones (4) that an analogy may be made between
partitioning the universe of discourse and the structure
of a trigonometric circle, that is, three quarters of a
circular arc with a unit radius could be used as a
partitioning scale. The positive tuzzy variables: positive
zero (PZ), positive small (PS), positive medium (pM)
and positive big (PB) can be defined from the positive
(counter-clockwise direction) trigonometric circle as
follows (4):

PZ

PS

PM

PB

Fo(r)

= lsin(u/2 - x) I
= $
= sin(x)
= Q

= lsin(ul2 - x) |
= Q

= lsin(x) |
- 0

l f o r r = Q i
i  =  1,2,3
0 otherwise

f o r 0  < x < u l ?
otherwise
f o r 0 < x < t J
otherwise
t o r u l ? < x < 3 i / 2
otherwise
f o r r J < x <  3 u l 2
otherwise
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Any value that exceeds the limit of the universe is
considered as an infinity

The negative tuzzy variables appear in a clockwise
direction in Figure 3. The zero level is shared between
the two.

The cutting depth changes for pressure and traverse
speed are divided into 18 units by using positive and
negative trigonometric circles with each unit conespon-
ding to 30o. The zero value on the circle coresponds to
the mean value of pressure and traverse speed, and
the unit value corresponds to the changes in ratios of
the cutting depth, R.' and Rr.

The contribution ol the abrasive flow rate to the depth
of cut is less significant compared to the water jet
pressure and the traverse speed. Consequently, only
three levels of abrasive flow rates (4.5, 6.87 and 9.07
g/s) with the conesponding depth of cut ratios (0.93,
1.0 and 1.06) were considered in the analysis. The
membership for the abrasive flow rate is defined as
follows:

of
VE
otf
r 1
MJ

= {

)s. $
b y l

,nt\4' n t

l

This type of tuzzy set is also known as a tuzzy singleton.
The results of discretization of the inputs and the

outputs are given in Tables 3 and 4. From experience
it is known that while the dependence of the depth of
cut on waler jet pressure is linear, it is non-linear with
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:soect to the traverse speed. This has been taken into

\-.;r*t-in the discretization of the universe' In other

words,whi |e theuniverseofwaterpressure ispar t i -
t i oneda t regu |a r i n te rva |so fsMPa in the range | rom
lT2 to236Mpa , theun ive rseo fchanges indep tho f
cut ispar t i t ionedbytak ingthear i thmet icmeanva|ue
f o r t h e i n t e r v a l s f r o m 0 . 6 6 t o 1 . 0 a n d f r o m 1 . 0 t o 1 . 2 8
(the difference between each of the two units is 0'035

ind 0.0a2 respectively). The universe of the traverse

speed,ontheotherhand, ispar t i t iongdbytak ingthe
geometric mean value for the interval from 0.85 to 6.77

iirrys, keeping a constant ratio between the two

adjacentspeed-s,withasimi|arproce{uleforthedepth
of cut ratios (RJ in the range from 1'8 to 0'55'

After partitilnlng the universe, the next step in the

procedure is to eitablish the tuzzy algorithms, which is

simply a set of linguistic statements' based on the

expert knowledge. T.hese statements, usually made by

the water iet oPerator, could be:

lF the depth of cut is deep THEN the traverse speed

is slow, OR
| F t h e d e p t h o | c u t i s s h a l | o w T H E N t h e t r a v e r s e
speed is fast, etc.

Sevenru lesareemployed,asshowninTable5 ' tor
, :he two process variables. The inputs to the system are
\-ih;'rn"hg"t in the depth of cut with respect to the

re |erencedepth(69.86mm)andtheoutputsarethe
magnitudes of the water iet pressure and the traverse

speiO. The lazzy variables in the form of positive and

nega t i veb ig ,med iumandsma l |a respec i | i edw i th
respect to tne relerence points that are described as

positive and negative normal. Each luzzy control rule is

represented oy-a tuzzy relation and the behaviour of a

tuzzy system'is charicterized by the tuzzy relations'

There |a t ionbetweenthe inputandtheoutputcanbe
lound using cartesian expressions of the two sets as

follows:

R = Input data * outPut data

where * represents the Cartesian product'

Amembership|unct ionofthisre|at ionshipis

p. = min tF,*^, tt*srJ

By conbining the fuzzy relationships, an inlYt can be

ani of the selected linguistic values' The luzzy

aljorirhms for the modeiling ol the influence of the

waterjetpressureandthetraversespeedonthedepth
of cgt ire obtained by combining all seven relationships

with the 'OR" oPerator as follows:

lF R1 = NB THEN P = VL, OR

lF R; = NM THEN P = lL' 9l
lF R; = NS THEN P = RL' OR
lF R; = NN THEN P = NN' OR
lF n; = PN THEN P = PN' OR
lF R; = PS THEN P = RH' OR
lF R; = PM THEN P = PFI' OR
I F R ;  = P B  T H E N P = V H

lF Rz = NB THEN V - VF' OR
lF R; = NM THEN V = VF, OR (RJ

lF R; = NS THEN V = SF' OR
lF R; = NN THEN V = NN' OR
lF R; = PN THEN V = PN' OR
lF R; = PS THEN V = SS' OR
IF R; = PM THEN V = RS, OR
I F R ; = P B  T H E N V = V S

The membership functions (Ur) of these combined

relationshiPs are:

Frn F) = max tFr"'(P)' Fr^r(P)' "' 'Ft"t(P))

i,r" Bi = 'rrdX iirr;;M' Frnr(v)' "' 'tt'n'(V))

Tab |es6andTarecomb ined tuzzy re |a t i onsh ips
representingrespective|ytheinf|uenceofthewaterjet
pilttr* a,io tne iet traverse speed on the depth of cut'

Anopera to r r t i ng these re la t i onsh ipswou ld f i nd i t
po.ri6e to oeter"mine the magnitude of water iet

[i"r** and iet traverse speed required to achieve a

desiredcutt ingdepth.However,beforetransmit t ing
t;;,1erpressi-ons io machines, it will be necessary to

defuzzrty them-ny using, for example' the centre of

gravity method

n n
* = Ep0)yi I Ip(v)

i;l i=l

wherex is thecont ro lac t ion,y , is thesup.por tva lueat
which the membership functiori reaches the maximum

value p(yJ, "nJ n is tne number of quantization levels

of the outPut. .,- - ^L-
The delu zzitied relationship between the changes tn

the depth of cut (R, and RJ and the water iet pressure

and traverse ,pi"b can be presented graphically as

shown in Figures 4 and 5 respectively'

Discussion

The fuzzy algorithms presented in Figures 4 and 5

canbeusedettectiuery|ortheoff.| inese|ectiono|AWJ
cutting parameters. li is also possible to determine a

combination of .rtting parameters that is best suited for
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a given situation. In addition, tuzzy algorithms can be
easily interpreted by computers thus simplifying the
process even more.

The procedure for selecting the AWJ cutting parame-
ters for a required depth of cut is shown in Figure 6.
The first step is to determine the required depth of cut
and then, by a series of iterative steps, select the most
suitable AWJ cutting parameters. With this approach,
the operator can simulate all possible combinations
before the cutting starts.

In Figure 6, three parameters are considered, namely,
water jet pressure, jet traverse speed and the abrasive
llow rate. As the abrasive flow rate and its etfect on
depth of cut (R.) is known in advance, the magnitudes
of the combination of the remaining two pararneterc can
be adjusted continually untila pre-determined accuracy,
e, is achieved where e is the difference between the
required and the estimated depths of cut. An example
is given below to illustrate the procedure.

It is assumed that the required depth of cut in the
concrete slab is 30 mm and e = 1.0 mm. A value of 4.5
g/s for the abrasive flow rate is selected in advance.
From Table 2, tor this abrasive flow rate, the contribu-
tion ratio Rg = 0.93. Since the reference depth of cut is
69.86 mm (see Table 2), the product of the contribution
ratios (R) should be equal to 0.429. The values ot the
water jet pressure and the traverse speed can be
determined using the iteration procedure depicted in
Figure 6. Using the universe listed in Tables 6 and 7, it
is easy to see that the rnagnitude of water jet pressure
is 104 MPa (Rr = 0.69) and the traverse speed is 4.65
mm/s (Rz = 0.67). The estimated depth of cut is there-
fore:

3
d = du f l  R,=69.8x(0.69x0.67x0.93)=30.03mm

i=1

Experiments werc conducted in the laboratory to
confirm the accuracy of the estimated AWJ cutting
pararneters. Three cuts of about 200 mm in length were
made using the estimated parameters in' portland
cernent pavement slabs. The depths ol cut were
rneasured at 50 mm intervals starting at 25 mm from
the beginning of the slot. Average depths of cut for the
exanpb cited above and other two cases are listed in
Table 8. lt is evident from this table that the agreement
benreen the estimated and measured depths of cut is
reasonably good.Any deviation between the measured
and esilimded values can be attributed to such factors
as the inhomogeneity of the slabs, fluctuations in the
water iet pressure, etc.

These results confirm that the proposed methodology,

based on the tuzzy set theory, for selecting the AWJ
cutting parameters to achieve a given depth of cut is
very effective. The methodology, as shown in a block
diagram in Figure 7, can be used to adjust on-line the
AWJ cutting parameters in the new generation ol AWJ
cutting systems. The block diagram also incorporates a
nozzle wear sensing device to compensate for the
inffuence of the nozzle wear on the depth of cut.

Conclusions

Previous tests have clearly indicated that abrasive
water jets can be effectively used for slotting of rein-
forced concrete slabs. However, extensive experimental
work wifl be required to determine the best combination
of abrasive water jet parameters to achieve a given
depth of cnt. The methodology based on the tuzzy
concepts explained in this paper shows that the need
for the experimental data can be reduced signilicantly.
The required knowledge base can be built by specifying
the boundaries of the universe of the input and output
of the tuzzy variables with respect to a reference point.
Fuzzy logic provides a simple and effective imitation of
human way ol making decisions in situations where
mathematical model of the process is either crude or
does not even exist.
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Table 1. Test results for developing basic data.

,t,

\-.

I

\-

Cutting Conditions
Depth ol
Cut
(mm)

Water Jet
Pressurc (MPa)

102 Q = 6.78 g/s

S = 1 5 m m

Y = 2.4 mm/s

46.10

'172 69.86

236 89.42

Jet Traverse
Speed (mn/s)

0.85 P = 172MPa

Q = 6.78 g/s

S = 1 5 m m

125.74

2.4 69.86

6.77 38.42

Abrasive Flow
Rate (g/s)

4.5 S = 1 5 m m

P = 172MPa

Y = 2.4 mm/s

64.96

6.78 69.86

9.07 74.05

Fixed parameters: Diameter of the AWJ norAle ' 1-27 mm
Diameter of the water iet nozzle - 0.45mm
Angle of jet imPact - 9C degrees
Abrasive material - gamet #36

Table 2. The changes in the depth of cut with respect to the rcference depth.

Water Jet Pressure
(MPa)

Jet Traverse SPeed
(mnls)

Abrasive Flow Rate
(g/s)

102 172 236 0.85 2.4 6.77 4.5 6.78 9.07

Depth of cut
(mm)

46.10 69.86 89.42 125.74 69.86 38.42 64.96 69.86 74.05

Contribution
rario (d4)

0.66 1 1.28 1.79 1 0.55 0.93 1 1.06
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Table 3. Quantization and prim ary tuzzy sets of water jet pressure and R,.

Tabfe 4. Quantization and primary tuzzy sets of jet traverse speed and Rr.
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Table 5. lF-THEN rules.

FOR WATER JET PRESSURE

Rule 1
Rule 2
Rule 3
Rule 4

Rule 5
Rule 6
Rule 7

lf R,, = 1r1g then P = VL
lf R., = 11Y then P = PL
lf R.' = 515 then P = RL
lf R' = 1r;P then P = NN
lf R' = P1',1 then P = NP
l f  R , = P g  t h e n P = R H
l f  R , = P Y  t h e n P = P H
l f  R . = P B  t h e n P = V H

FOR JET TRAVERSE SPEED

Rule 8
Rule 9
Rule 10
Rule 1 1

Rule 12
Rule 13
Rule 14

lf R, = 113 then V = VF
lf R, = 111171 then V = RF
lf R, = 1t15 then V = SF
lf R, = 1111 then V = NN
f f R r = P N  t h e n V = N P
l f  R r = P g  t h e n V = S S
l f  R r = P Y  t h e n V = R S
l f  R r = P g  t h e n V = V S

where:

PB I positive
I oig

NB J negative ; l high
very

low

high
pretty

low

high
regular

low

fast
very

slow

u' l
V S I

r " l
NMJ

positive
medium

negative

t'-, I
P H J

positive
normal
negative

fast
regular

slow

fast
slightly

slow

positive
normal
negative

* r l
RSJ

r r l
N S I

r * l
NNI

positive
small

negative

* r l
RLJ

* r l
NNJ

r r l

S S I

* r l
NNI

positive
normal

negative

Tabfe 6. The combined luzzy relationship representing the influence of the water jet pressure on the depth of cut.
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Tabfe 7. The combined tuzzy relationship representing the influence of the jet traverse speed on the
depth of cut.

Table 8. Case studies.
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No.

Relerence
Depth of
Cut (mm)

Required
Depth of
Cut (mm)

AWJ Cutting Parameters with
Gonesponding Contribution Batios, R,

Estimaled
Depth of
Cut (mm)

Actual
Depth ol
Cut (mm)

P(MPa) R1 V(mmis) R2 a(g/s) R3

1 69,8 30 104 0.69 4.65 0.67 4.5 0.93 30.03 27.6

2 69.8 60 172 1 2.9 0.92 4.5 0.93 59J7 62.4

3 69,8 90 241 1.28 2.74 0.954 9.07 1.06 89.19 87.1

v r
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Figure 4. Relationship between water jet pressure
and its contribution ratio to the depth of cut in a con-
crete slab.
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FQure 5. Relationship between jet traverse speed
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Figure 6. Procedure for selecting the AWJ cutting
parameters for a required depth of cut.
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Fpure 7. The block diagram of new generation of abrasive water iet attting systems.
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