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Abstract 
A continuous path is one of the most important require- 

ments for solid freeform fabrication (SFF) based on welding. 
This paper proposes a method for torch path planning applic- 
able to SFF based on welding with an emphasis on minimum 
human intervention. The suggested approach describes a 
method based on the subdivision of a two-dimensional (2-D) 
polygonal section into a set of monotone polygons to gener- 
ate a continuous path for material deposition. A two-dimen- 
sional contour is subdivided into smaller polygons (subpoly- 
gons). The path for each individual subpolygon is generated. 
The final torch path is obtained by connecting individual 
paths for all the subpolygons and trimming along the points 
of intersection of the paths for individual subpolygons. The 
final path is a closed loop; therefore, any point can be select- 
ed as the starting point for material deposition. The proposed 
method can be used to develop the toolpath for CNC milling. 

Keywords: Solid Freeform Fabrication, Monotone Chain, 
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Introduction 
Solid freeform fabrication (SFF) was envisioned 

as the creation of three-dimensional objects directly 
from the CAD files without human intervention. It 
was intended for the conceptualization of a design. 
Today, SFF is used not only for obtaining the physi- 
cal prototypes but for building functional parts as 
well. SFF based on deposition by welding is intend- 
ed to manufacture the functional parts. 

Common to all SFF techniques is the basic 
approach. First, the physical part to be built is mod- 
eled in the CAD system (Figure 1). The next process 
involves slicing the three-dimensional solid model 
of the object by a set of parallel planes. The inter- 
section of the parallel planes with the external sur- 
face of the object provides a set of contours. At the 
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end, process parameters are set, and the torch path is 
generated to deposit material in the interior of each 
contour to generate a layer. The process of filling in 
the interior of the layer is accomplished by path 
planning. Contrary to most existing path planning 
techniques, which are based on the toggle in the state 
of the energy medium such as the laser, the require- 
merits for path planning for SFF based on welding 
are unique. The inherent properties of the welding- 
based deposition require that the path must be con- 
tinuous over the cross-sectional area of deposition. 

Of the other path planning approaches used in 
SFF, the raster scanning pattern technique 
(Crawford, Das, and Beaman 1991; Rock and 
Wozny 1991) is based on the planar ray casting 
along one direction and toggling over the geometry 
of the cross section. However, this path planning 
approach is not applicable to welding-based rapid 
prototyping due to the frequent variation in electric 
a r c  status. Another approach to path planning is 
based on a variety of replicating hatch-and-weave 
patterns (Jacobs 1992; Ullet et al. 1994; Jayanthi, 
Keefe, and Gargiulo 1994)--fractal and space 
curves (Bertoldi et al. 1998). While the patterns 
have proven to be very effective solutions for vari- 
ous SFF techniques, the limitation of frequent 
crossover of the path segments and the closely 
spaced segments lead to accumulation of heat and 
deformation of the substrate. Offsetting a parametric 
curve for scan path generation (Venkataramani, Das, 
and Beaman 1998; Ganesan and Fadel 1994) and 
parametric contour scanning (Beaman 1992; Chen, 
Crawford, and Beaman 1996) are based on the gen- 
eration of the path patterns using C 1 continuity 
curves, however, the overall path is based on a set of 
contours that is not connected. The studies and the 
method suggested by Rajan, Srinivasan, and 
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(a) CAD model (b) Sliced model 
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(c) Path planning 

Figure 1 
Process Planning for Solid Freefrom Fabrication 

Tarabanis (2001) suggest an approach to determine 
a suitable direction of the path generation for filling 
a region based on scanning lines of finite width, 
however, the method does not ensure the connectiv- 
ity of the path segments. Path planning suggested by 
Tarabanis (2001) refers to the goal of reducing the 
amount of supports needed to build the physical pro- 
totype of the part by taking advantage of the two 
novel manufacturing techniques of shelving and 
bridging that had been developed previously; how- 
ever, the goal of this approach and the process in 
which it is applied are different from the require- 
ments and the goal of path planning for rapid proto- 
typing based on welding. Chen et al. (2004) describe 
a general framework for automated path planning 
for nanomanufacturing. Collision-free paths are 
generated for fabrication at the nano scale. The 
geometry of the cross-sectional area, and hence the 
toolpath, is trivial and expressed by straight lines 
that are arranged in a suitable order. The main 
emphasis is on accessing a given point rather than 
filling an area. In another work reported by Chen, 
Xi, and Chen (2004), a material distribution model 
is developed based on the comparison of continuous 
material deposition processes for two deposition 
patterns, raster and spiral. The main emphasis is on 
the comparison of the two methods, and an approach 
for a general cross-sectional area is not described. 
Sheng et al. (2003) suggest a decomposition-based 
approach for the path planning. Any given region is 
decomposed into a set of subregions, and the tool- 
path for each is generated; however, a connectivity 
among the toolpaths for the subregions is not possi- 
ble for all the cases. 

Toolpath planning for the process of area milling 

and SFF involves sweeping an area with a tool head, 
and each sweep of the tool accompanies machin- 
ing/deposition of a fixed width of material, the path 
planning for the two processes, are similar. 
Sufficient literature on the path planning for area 
milling is available (Sarma 2000; Park and Choi 
2000; Li, Dong, and Vickers 1994; Held 1991; 
Griffiths 1994; Cox et al. 1994). This paper investi- 
gates some of the approaches used in area milling 
toward the development of an algorithm for SFF 
based on welding. Due to the inherent properties of 
the two processes, there are several limitations of 
applying path generation algorithms intended for 
milling in solid freeform fabrication. Area milling 
allows a dry run over the region that has already 
been swept; in SFF, sweeping the same area again 
will lead to overdeposition of material. In area 
milling, the height of the tool can be changed when 
it retraces a region to avoid any tool marks (Park and 
Choi 2000); however, the same approach for weld- 
ing-based material deposition requires incorporation 
of an extra set of parameters for process control and 
may affect surface quality. 

Three common strategies for traversing areas 
include evolving curves, using spiral curves, and 
using space-filled curves (Sarma 2000). Of the var- 
ious schemes used for trajectory planning for shape- 
creation operations, offsetting and zig-zag curves 
are the most popular (Sarma 2000). Advantages of 
offsetting include a smooth finish, less time and 
material requirements, and better suitability for thin 
sections. The advantages of the zig-zag scheme 
include simpler calculations and bypassing the 
over/underfill problem (Farouki et al. 1994, 1995). 
In the offsetting scheme, numerous disconnected 
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closed curves are formed; therefore, i t  is not suitable 
for SFF based on welding. Li, Dong, and Vickers 
(1994) suggested various toolpath patterns for cut- 
ting layers with a single island. Their suggestions 
included component offset, stock/component paral- 
lel offset, proportional blending, and max-min offset 
patterns. However, none of these methods gives a 
continuous path without sweeping a region that is 
already swept. Griffiths (1994) reported an algo- 
rithm based on Hilbert's curve for a milling 
machine. The calculated paths maintain continuity 
between the neighboring areas, but the path is high- 
ly convoluted to take into account the machining of 
a three-dimensional surface. A highly convoluted 
path may accumulate tremendous heat in the process 
of SFF based on welding and hence may lead to 
deformation of the part. A method suggested by 
Yang et al. (2002) is based on a fractal scanning path 
for laser sintering. This technique allows space fill- 
ing, self-avoiding, and self-similar scanning. The 
method also includes the trimming of fractal curves 
for arbitrary boundaries by means of judging the 
intersection between arbitrary boundaries and fractal 
curves. The geometry of the path causes an accumu- 
lation of heat in welding-based solid freeform fabri- 
cation and possible deformation of the component. 
Anand and Egbelu (1994) described a method to 
generate a zig-zag path for spray painting by creat- 
ing several parallel lines equidistant to the y-axis. 
The vertical lines are intersected with appropriate 
edges of the polygon to define the turning points of 
the path along the edge of the polygon. The method 
generates a continuous path for simple polygons, but 
the retracing of points and inability to generate a 
continuous path for complex polygons is inherent in 
it. The method suggested by Park and Choi (2000) 
calculates a continuous toolpath for direction-paral- 
lel area milling. The method involves three modules: 
(1) finding an optimal inclination, (2) calculating 
and storing toolpath elements, and (3) toolpath link- 
ing. In various cases, however, the path connecting 
two regions sweeps across the area that is already 
swept; hence, the method is unsuitable for use in the 
process for material deposition by welding. This 
approach, though, provides a better understanding of 
the effect of orientation. 

Cain (1992) reported a technique applicable to 
image representation. The technique is used for decom- 
posing any arbitrary polygon into trapezoid slabs about 
the y-coordinate of every vertex to define the slabs. 

Each trapezoid slab is scan-converted by rasterization 
circuitry. Fossum (1994) reported another technique 
applicable to image representation. He suggested to 
bound a polygon by a rectangle, then subdivide the rec- 
tangle into a group of slabs such that each rectangular 
slab is bounded by a pair of interior vertices of the 
complex polygon. For each slab, the crossing point of 
the edges, if any, is determined, and the slab is divided 
to a sub-slab about the point of crossing. The edges 
contained within the rectangular slabs are viewed as 
simple polygons, or trapezoids, which can be filled for 
display. Simplification of a complex polygon to trape- 
zoids eliminates the complexities, hence, the method 
can be used to fill material in a cross section for SFF. 
One drawback of these techniques is that the number of 
polygons to be filled increases. However, the number 
of polygons to be filled can be reduced by merging 
some of the trapezoidal polygons. 

This paper introduces a technique of path genera- 
tion applicable to solid freeform fabrication based 
on welding. Certain geometric principles used for 
path generation and the properties of a welding bead 
are discussed first. Further, a step-by-step approach 
to generate the path to achieve uniform deposition is 
discussed in detail. 

Path Planning for SFF Based on 
Deposition by Welding 

Mandatory to the CAD representation scheme is 
the requirement for the closed-surface representa- 
tion, which defines an enclosed volume X ~ R 3. The 
data must specify the insidep E X, outsidep ~ Xas  
the complement, and boundary, p @ a X c  X, i.e., the 
subset of solid where any neighborhood contains 
nonmembers, of  the model. This requirement 
ensures that all the horizontal cross sections of the 
model are closed curves, which is necessary to ere- 
ate a solid model. 

Solid freeform fabrication of a solid functional 
part, X, by welding involves material deposition to 
generate the prototype, X', followed by removal of 
the extra stock of material, S = X' - X, to get the 
desired shape. Process planning transforms the solid 
model representation of the object to its equivalent 
process field. The process field is the vector field 
associated with solid X, F : R 3 ~ R"', that maps a 
point in Euclidean space to the m-dimensional 
process space. The m is the total number of process 
parameter variables. Practically, for a gas tungsten 
arc welding based solid freeform fabrication, this set 
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includes the coordinates of the torch path, torch 
translational speed, torch rotational speed, current 
input, heat sink, and wire feeding rate. The path is 
a trajectory followed by the welding torch in the 
welding-based SFF process. The path generated is 
an outcome of both part geometry as well as 
process parameters of the specific SFF technique. 
One of the most important parameters, the torch 
path, ti E R 3, must allow the torch to access all 
points in space such that 

n Li 

x ' = 2 I p ( t i ) d t i  
i=1 0 

where p(ti) is the material feed rate over the unit 
length, Li is the length of the ith layer, and n is the 
maximum number of layers, ti is the torch path tra- 
jectory of the ith layer. A torch path for material 
deposition in SFF is driven by a geometric model 
of the product. 

In an SFF technique such as SFF based on depo- 
sition by welding, a synthesis of the tool trajectory 
plays a key role. While the inability to access all 
regions of the geometry leads to the creation of 
voids in the build-up, overlaps can cause 'overde- 
position' of materials. Voids and overlaps make a 
layer nonuniform. The uniformity of a deposited 
layer is of utmost importance as it determines the 
quality achieved in the following layers that are 
deposited above it. 

One of the limitations of SFF based on welding 
is the requirement for a continuous path. Once an 
arc is struck, it should be sustained over the 
process. If the path does not connect two regions, 
tl~e material deposition can be stopped when the 
torch is making a transition between two discon- 
nected regions, but control of the parameters 
becomes more complicated. Another limitation is 
the requirement for maintaining the wire-feeding 
mechanism ahead of the torch. This requires cal- 
culation of the direction of the torch motion and, 
subsequently, orienting the wire-feeding mecha- 
nism. If material deposition is done only along 
linear segments, then the wire feeding can be 
stopped whenever there is a change in direction, 
whereas when the path is comprised of nonlinear 
segments the change of direction of the wire-feed- 
ing mechanism and torch motion cannot be segre- 
gated. One solution would be to break the nonlin- 
ear segments into a linear approximation, but this 

process would affect the quality of each layer by 
introducing discretization errors. In view of above 
two facts, a continuous path for material deposi- 
tion along a contour is more generalized. 

The requirements of the path-planning algorithm 
for a toolpath for SFF based on deposition by weld- 
ing can be listed as: 

• Continuous toolpath with not more than one 
sweeping for  any region. The toolpath should 
be continuous, and there should be no overlap 
between the paths. 

• Minimize number o f  tool retractions (Park 
and Choi 2000). Every tool retraction 
involves a change in the material feeding 
direction, and that change can cause irregu- 
larities in the layer. 

• Minimize number o f  toolpath elements (Park 
and Choi 2000). With a constant feed rate, uni- 
formity of deposition is governed by the 
smoothness of the path curve segments; there- 
fore, minimizing the number of toolpath ele- 
ments gives a more uniform layer. 

The method to decide a suitable orientation for 
minimizing the number of tool retractions has 
been adapted from Park and Choi (2000); howev- 
er, this method does not ensure that the number 
of elements in the path is minimum. Another 
method that can be looked at is the orientation of 
the polygon for minimum height, i.e., the mini- 
mum difference in the y-coordinates of the top 
and bottom vertices. A comparison of the total 
number of horizontal path elements for the orien- 
tation based on above methods helps in arriving 
at an optimal orientation. 

Material Deposition and 
Bead Properties 

The dominant parameters for SFF based on 
deposition by welding are welding current, weld- 
ing voltage, material feeding rate, and geometry 
of the layer (Kmecko, Jandric, and Kovacevic 
2001). Contrary to the milling process, the cross- 
sectional area of the bead deposited in welding is 
nonsquare. 

The quantity of material deposited varies from 
the center of the bead to the edges (Figures 2a and 
2b). To achieve a uniform surface along the layer, 
two beads are deposited close enough so that the 
deficit of material along the edges gets compen- 
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(a) Multiple beads during deposition process 

overlap effective bead width ~_,°verlap, 

(b) Fraction of bead contributing to deposition 

Figure 2 
Fraction of Bead Width  that  Contributes 

Toward Material Deposition 

sated for by an overlap between the beads (Figure 
2b). Along the external edges of the cross-sec- 
tional area, extra material that extends beyond the 
effective bead gets deposited. The extra material 

-,~&i,~:~.~}~ . ':~ 

Figure 3 
Photographs of Welding Bead Cross Section 

is removed by the milling operation at the end of 
the deposition process. The movement of the 
material deposition head along the toolpath 
deposits material with a width equal to an effec- 
tive bead width, as shown in Figure 2b. 

The experimental observations (Figure 3) 
depict that the cross-sectional profile of the 
welding bead is similar to sinusoid. As described 
in Figure 4, the distance between two adjacent 
beads can be determined such that the deposition 
is smooth. The profile of the resultant overlap is 
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Figure 4 
Approximation of Beads as Sinusoidal Curves and Overlap Profile of Beads 
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Figure 5 
Monotone Chain and Nonmonotone Polygon 

given by the following formula: 

P = sin0 + sin(0 + +) 
where qb is the equivalent phase difference main- 
tained between two adjacent beads. The qb can be 
determined using the formula: 

~ =  /* x180 
/18o 

As shown in the Figure 4a, 118o is the total bead 
width and l+ is the distance between the adjacent 
beads. The experimental results have shown that an 
equivalent phase difference of 120 degrees provides 
the best surface quality. The melting of the beads 
during the deposition process causes extra smooth- 
ness along the surfaces. Figure 4b shows the cross 
section of a single bead approximated as a sinusoid, 
and Fi~tre 4c shows the cross section of the overlap 
of various beads separated by a suitable phase dif- 
ference. The phase difference between the beads 
allows the top surface to be smooth. 

Polygon Properties 
Definition of  Monotone Chain (Park and Choi 

2000; Polygon Partitioning): A chain C is monotone 
with respect to line L if C has at most one intersection 
point with line L' perpendicular to L (Figure 5a). 

Definit ion of Monotone  Polygon (Polygon 
Partitioning; Fast Polygon Triangulation): A poly- 
gon P is considered a monotone polygon with 
respect to a line L if it can be split into two polygo- 
nal chains, A and B, both of which are monotone 
with respect to L. The two chains share the highest 
and lowest vertices (Figure 5c). 

Def'mition of Turn Vertex (Polygon Triangulation): 
The vertex of a polygon is called a turn vertex when, 
walking along the vertices of the polygon in order, 
the direction of vertices changes from downward to 
upward or upward to downward. The turn vertex is an 
upturn vertex if the order of direction change is 
downward to upward, and the vertex is a downturn 
vertex if the order is upward to downward (Figure 6). 

~ r n  Vertex 
/~ownturnVertex 

Figure 6 
Upturn and Downturn Vertices 
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Zig-Zag Path for Monotone Polygon 

The intersection of a horizontal line with the 
monotone polygon generates two intersection points. 
The y-coordinates of the two points are the same. By 
intersecting the monotone polygon with equidistant 
horizontal lines, then connecting the left and right 
intersection points in a consistent manner as shown 
in Figure 7, a continuous zig-zag path is obtained. 

Division of Polygon to Monotone Polygons 

For a polygon that is nonmonotonous, all the 
points along the edge of the polygon are not direct- 
ly visible to each other. For such a case, the polygon 
can be subdivided into a set of monotone subpoly- 
gons. Paths for individual polygons can be generat- 
ed and connected to obtain one continuous path for 
the entire cross-sectional area. 

As per the definition of a monotone polygon, it 
can be split into two monotone chains about the 
highest and lowest vertices. Therefore, all the points 
on the monotone chain of  the polygon that are at 
same horizontal level are directly visible to each 

/ \ 

\ 

Figure 7 
Continuous Zig-Zag Path Through a Monotone Polygon 

other. By identifying all the upturn and downturn 
vertices in an arbitrary polygon, and projecting a 
line segment from the vertex to the immediate fight 
edge of the polygon, a polygon can be divided into a 
set of smaller polygons for which there is the prop- 
erty of direct visibility; hence, the monotone poly- 
gon is satisfied (Figure 8). 

Open and Closed Zig-Zag Paths 

The starting and ending points of the zig-zag path of 
a monotone subpolygon are apart (Figure 9a); there- 
fore, it may not be possible to connect all the paths 
from different subpolygons to form a continuous path. 
With the gap between two parallel path elements of a 
continuous zig-zag paths being same, it is possible to 
generate another zig-zag path (Figure 9b) (hereafter 
referred as a closed zig-zag path) forming a closed 
chain. As shown in Figure 9c, the end points of the 
closed zig-zag path for a subpolygon can be located 
such that it is possible to connect it to another closed 
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Figure 8 
Polygon Divided into Set of Monotone Polygons 
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Figure 9 
Open, Closed, and Connected Paths 
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zig-zag path for a subpolygon located in its proximity. 
This property allows connecting the paths for each of 
the subpolygons to form one continuous path. 

Comparison of the Lengths of an Open Zig-Zag 
Path and a Closed Zig-Zag Path 

If the bead width is relatively smaller than the 
lengths of the sides of a polygon, the open zig-zag path 
and closed zig-zag path have nearly the same length. 
Referring to Figure 10, 

The length of the open zig-zag path is: 

Ll = 41 + 6w(cotc~ + cot[3) + w(2cosec~x + 
4cosec[3) - 2w 

The length of the closed zig-zag path is: 

L~ = 4l + 6w(cotoL + cot[3) + w(2coseco~ + 
cosec[3) 

The difference in path lengths is: 

AL = L1 -/<_ = w(3cosec[3 - 2) 

For all practical cases, l > > w, AL is much smaller 
than the total path lengths, L~ and L2. 

The zig-zag path and closed-path are formed by the 
repetition of the same patterns. The path shown in 
Figures lOb and lOe replicates itself to form a zig-zag 
path and closed zig-zag path, respectively. The number 
of tool retractions and toolpath elements is approxi- 
mately the same. Therefore, the mapping of the zig-zag 
path to a closed zig-zag path does not significantly 
change the quality of the material deposit. Figure lOc 
shows a zig-zag path with the number of segments 
equal to 7, and the number of vertices equal to 8; the 
same path mapped to a closed zig-zag path, as shown 
in Figure lOb, has 8 segments and 8 vertices. For most 
of the path, the geometry and the heat sink around the 
path segments is similar, therefore, the geometry of the 
deposition does not vary. Comparing Figures lOb and 
lOc, it is observed that the frequency of turns along 

vertices 6 and 7 is higher and is enclosed by the exter- 
nal loop (1, 2, 3, 4); however, by using suitable control 
of torch speed and heat inputs along the corners, the 
smoothness of the surface is maintained. 

Path Planning 
Contour Remapping 

The spacing between the paths of the subpoly- 
gons must be constant to enable a smooth deposi- 
tion. To achieve consistency, the polygon should 
be mapped to a suitable contour (hereafter referred 
to as WPolygon). One of the final steps of the 
algorithm involves offsetting the zig-zag chains 
that span the polygon; therefore, the polygon is 
offset toward the inside to generate the WPolygon. 
The division of the polygon into monotone sub- 
polygons such that the extreme edges of the adja- 
cent subpolygons are at the same elevation allows 
a smooth merger of the paths for individual sub- 
polygons during the generation of the final path. 
This division is accomplished in the steps for map- 
ping the polygon to the WPolygon. 

The steps for mapping the polygon to the 
WPolygon are described as follows: 

Step 1: Offset the polygon inside by a distance equal 
to the bead width (Figure 11a). 

Step 2: Identify all the turn vertices of the offset 
polygon. 

Step 3: Classify the concave vertices of the offset poly- 
gon as upturn or downturn vertices (Figure lla). 

Step 4: Considering the lowest point on the offset 
polygon as the datum point and draw horizontal 
equidistant lines at an interval of two bead widths 
(Figure l lb). 

Step 5: If any of the upturn (downturn) vertices lie 
between the two horizontal lines, extend the vertex 
along the y-direction to the immediate horizontal 
line below (above) the vertex to introduce two 

3w s 
a [3 1/ u 

(a) Geometry of area 
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(b) Closed zig-zag path (c) Open zig-zag path 

Figure 10 
Comparison of Zig-Zag and Closed Zig-Zag Path for Length, Number of Elements, and Turning Points 
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extra edges and sides. Introducing extra vertices 
provides consistent spacing between paths and 
thus simplifies the implementation of the algo- 
rithm. Add the vertex to the polygon such that ifvi 
is the initial vertex and va is the added vertex, then 
the order of vertices becomes (previous --> vi ---> va 
--4 vi ---> next) as shown in Figure 12. Classify the 
newly added Va vertex to be an upturn or downturn 
vertex and the vi vertex as convex. The polygon 
thus obtained is a WPolygon. 

Partition of Contour Polygons to Subpolygons 

Once the polygon is converted to the WPolygon, 
it should be partitioned to monotone subpolygons 
for path generation. The scheme for partitioning the 
polygon to monotone subpolygons is: 

Step 1: Find the x-coordinate of the extreme right 
vertex of the polygon. 

Step 2: Add a small positive number to the x-coordi- 
nate of the vertex. Call the new x-coordinate Xmax. 

(a) Offset polygon 

Figure 11 
Offset and Vertex Classification of Polygon 

(b) Datum point and horizontal 
lines through polygon 

Extreme right vertex 

Step 3: Extend a horizontal line from the up/down 
concave vertices toward the fight to the point Xmax. 

Step 4: Find the point of intersection of the hori- 
zontal line with the polygon. In case there are 
multiple intersections, the point on the extreme 
left should be considered as the intersection 
point (Figure 13c). 

Step 5: Join the vertex to the intersection point. 
This generates a monotone subpolygon. For 
cases in which polygons are nested (Figure 14), 
divide the polygons in order of the lowest to the 
topmost in hierarchy. 

Notice that the mapping of the initial polygon 
to the WPolygon allows the end points of the poly- 
gon to be aligned with the horizontal lines men- 
tioned in the previous section (Figure llb). This 
alignment allows the path for each subpolygon to 
be compatible with respect to the paths of neigh- 
boring subpolygons. 

Any polygon having internal contours can be 
mapped to a polygon having no contours by intro- 
ducing two edges between the internal contour and 
the external edge of the polygon, along the lowest 

Va 

Figure 12 
Mapping of Concave Points 

(a) Extreme right vertex of polygon (c) Partitioned polygon 

Xmax 

(b) Lines extended to X .... 
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Figure 13 
Mapping of Polygon to Set of Monotone Snbpolygons 
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point of  the internal contour, such that the two 
edges are coincident (Figure 15b). 

The polygon thus obtained can be subdivided into 
monotone subpolygons (Figure 16). 

Steps for mapping a polygon with contours to a 
polygon having no contours are: 

Step 1: Find the lowest vertex &the internal contour. 

(a) Polygon with 
internal  contour 

N 

(b) Mapped polygon with no 
internal contours 

Figure 14 
Nested Monotone  Subpolygons 

(a) Polygon with (b) Mapped polygon with no 
internal  contour internal contours 

Figure 15 
Mapping Polygon with Internal Contour to Polygon with No Contours 

Step 2: Project a horizontal line from the vertex 
to the right. 

Step 3: Find the point of intersection of the line 
with external contours. In the cases where the 
number of intersections is more than one, con- 
sider the point of  intersection having the small- 
est value of the x-coordinate. 

Step 4 : Join the vertex and the point of  intersec- 
tion to get two coincident edges. The order of 
vertices is arranged as shown in Figure 15b to 
get the mapped polygon. 

Path Generation for Monotone Subpolygons 

Once the polygon is partitioned, the path can be 
generated by the following steps: 

Step 1: With respect to the lowest point of  the 
WPolygon as a datum point, generate a set of  
horizontal equispaced lines at a distance of  
two bead widths. 

J R ~ / R  
1~ \ 1  L 

R ,R 
/ R  R 
/ r, ]~\ I, 

R R 
L 
R 

R 
L 

Figure 17 
L-, R- Lines 

Figure 16 
Polygon with Contour Mapped to Polygon with Monotone Subpolygons 
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\ 
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/ \ 
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I \ / 
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Figure 18 
Zig-Zag Path for Subpolygons 
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Step 2: Starting with the lowest horizontal line, clas- 
sify the alternate horizontal lines as R-line (right 
direction) and L-line (left direction) (Figure 17). 

Step 3: Find the set of intersection points of the R-, 
L- lines with all the subpolygons. 

Step 4: Starting from the lowest vertex in each sub- 
polygon, form zig-zag paths for each subpolygon 
by connecting the intersection points along the R- 
and L-lines (Figure 18). The order of connecting 
the intersection points should be from right to left 
in the L-line and from left to right in the R-line. 

Step 5: Offset the zig-zag paths on the both sides of 
the path by a distance equal to half the bead width 
(Figure 19). 

Step 6: Offset the initial WPolygon by half the effec- 
tive bead width toward the outside, and extend the 
end points of the offset paths to the offset of the 
WPolygon. 

Step 7: Connect the end points of the offset paths and 
delete the original zig-zag path. 

I 

\ _ _ 1  / / 
/ \( I 

I / \ 
/ I 

I / 
I / 
I 

\ 

Figure 19 
Offset to Zig-Zag Paths 

/ ,  
'1 

f . - -  , [  
I, ,I 
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l, d 

,I 
\ '  I 

Figure 20 
Final Torch Path 

G e n e r a t i o n  o f  F i n a l  P a t h  

Step 1: Individual subpaths of various subpolygons 
may be intersecting. Find the points of intersection 
of the subpaths. 

Step 2: Trim the extension of the paths beyond the 
point of intersection. 

Step 3: Discard any intermediate segments between 
two horizontal lines. 

Step 4: The path generated after trimming the inter- 
sections is the final path (Figure 20). 

Obtained Results 
For the set L of all the line segments ll, ll ...... l,, 

that form the polygon, visiting all the segments ran- 
domly to identify all the upturn and downturn ver- 
tices of the polygon, and subsequent conversion of 
the polygon to a set of monotone polygons, is simi- 
lar to the situation reported by Seidel (1991) for a 
trapezoid formation. He proves that if each permuta- 
tion of ll, l~ ...... l,, is equally likely, then trapezoid 
formation takes O(nlog*n) expected time, where n is 
the number of line segments. 

The upper bound of expected time to detect the 
point of intersection between the offset zig-zag paths 
for each of the monotone polygons is O(n2), where n 
is the maximum number of segments in any zig-zag 
path. This step can be simplified or eliminated by 
storing the information during polygon partition and 
zig-zag path generation. 

The proposed method was implemented and test- 
ed with sections having linear as well as nonlinear 
segments. A gas tungsten arc welding torch is 
mounted on the end effector of a six-axis robot, and 
mild steel wire is fed from a spool for material depo- 
sition. The speed of the wire feeding is controlled 
using a mechanism based on a stepper motor. 
Parameters for the deposition are based on the 
experimental results by Jandric (2003). The torch 
velocity is 3.81 mm/sec., the wire feeding rate is 
11.67 mm/sec., and the welding current is 90 A. 

An application based on the path-planning algo- 
rithm slices the CAD model file and generates the 
path coordinate file. Another application is used to 
generate the instruction file for the robot. The 
robot communicates with the controller such that 
the wire feeding is turned off at the turning points 
and the rotational speed for the tool is fast enough 
to avoid overheating. 
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Figure 21 describes the path planning for a sec- 
tion similar to a turbine blade section profile. 
The cross section profile is highly nonlinear. 
The path generated is comprised of linear 
segments along the interior of  the section, where- 
as along the external boundary the path has non- 
linear segments. 

Figure 22 describes the cross section, the final 
closed path based on the suggested scheme, and a 
component manufactured using the path. 

Figure 21d and Figure 22e describe the geome- 
try of a layer during the deposition process. Figure 
21e describes the geometry of deposition prior to 
the machining. Suitable overlap between the adja- 
cent beads allows a smooth surface profile and 
near-net accuracy of the fabricated part. 

.,.:::::. 
.=::::v 

• ~:v[!:i] ii:::" 

(a) Turbine blade section 
R-, L- fines 

...... :~i~iii?i:iii: 

(c) Final closed zig-zag path 

.... ~ y ~  

(b) Zig-zag and offset paths 

(d) Material addition by 
welding for a single layer 

iii !iiiiiiiiiiii !!i i!i!ii!iiiiiii!iiiii!i ii!i!i!iiii!iiiiiiiiiiiiiiiiii i 
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(e) Geometry of deposition prior to machining 

: ~ l ~ l l ~ / ~ , ~  ~̧~̧: :~:~: 

:~~ii~iiiili!!i ~̧ 
"%1 !!!!!i ~ .... 

(f) Finished part 

Figure 21 
Torch Path for Shape of Turbine Blade 

For the cross-sectional geometries that have rela- 
tively small features, such as notch-like shapes shown 
in the Figure 23, it is recommended to neglect them 
and represent the edge as continuous. Inclusion of the 
small features increases the complexity at the path 
planning level. The small amount of material can be 
removed during the machining stage. 

t 7 
/ "  

(a) Cross section of 
component 

The bead width is sufficient to deposit the 
material for era-cad top par~ 

1, ,I 

/ 

(b) Closed Zig-Zag path 

Unmachinad region to 
show smfface smoothness ...... 

(d) Manufactured part 

Figure 22 
Manufactured Component 

(a) Small feature in cross section 

(b) Path based on suggested 
algorithm 

(c) Recommended path 

Figure 23 
Approximation for Small Features in a Cross Section 
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Conclusions 
The path planning method for SFF based on 

deposition by welding, as suggested in this paper, 
takes into account various limitations inherent in 
the welding process. The proposed method incor- 
porates the requirement to achieve a continuous 
path. The geometric principles are used to map the 
initial geometry into a geometry suitable for torch 
path planning. The torch path for a mapped geom- 
etry, in addition to the total cross-sectional area, 
also deposits a small amount of  extra material 
along the edges. The extra material is removed by 
the milling-after-deposition process. The obtained 
torch path is closed curve; therefore, the starting 
point of  the path for a layer can be selected any- 
where on the curve. This property allows connect- 
ing of  the paths for subsequent layers of  the model 
to form a continuous space curve. 

The method also proposes a technique &mapping a 
2-D section having internal contours to a contour suit- 
able for application of the proposed torch path planning 
method. The method describes a path-generation strate- 
gy for a polygon; however, the method can be used for 
a nonlinear contour as well. The effectiveness of the 
method is supported by the experimental results. 

The time complexity involved in monotone poly- 
gon generation is O(nlog*n), and for the generation 
of the final path is O(m2), where m is the maximum 
number of segments in the zig-zag path for a poly- 
gon. The total time can be reduced and certain steps 
can be eliminated by eliminating the redundant steps 
for the calculation of intersection between the zig- 
zag paths for each subpolygon. 

For simple cases, the results were obtained using a 
code based on the ACIS-Kernel. The complex cases 
were tested using AutoCAD. 
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