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Summary

The lifetime of a patient is considered from a systems-theoretic perspective that
accommodates for the possibility of right censoring and left truncation. The systems-
theoretic solution results in the Kaplan-Meier estimator as the appropriate estimate
for survival that adjusts for censoring risk and truncation in both the single event
and competing risks settings. This systems-theoretic viewpoint uses multi-state semi-
Markov models to represent the lifetime of the patient and also provides a circuitry
interpretation for the passage of the patient through censoring states and for de-
layed entry into the study. While the Kaplan-Meier estimator is a nonparametric
maximum likelihood estimator, this alternative systems-theoretic and circuitry mo-
tivation provides another interpretation for the Kaplan-Meier from a quite different
physical perspective. More fundamentally, these systems-theoretic results provide in-
dependent support for the use of likelihood procedures. When covariates are present,
simple extensions lead to some commonly used estimates for the baseline survival in
both single event and competing risks settings.

Some key words: Competing risks; Flowgraph; Kaplan-Meier; Left truncation; Right
censoring; Self-consistency; Semi-Markov; Systems theory.

1 Introduction and overview

One aim of survival analysis is to use censored and truncated survival data to deter-

mine the lifetime distribution F° of a patient that is free from the risk of censoring
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and adjusted for truncation. As described below, this may be accomplished from
a systems-theoretic perspective. When censoring and truncation are independent
of survival time, the systems-theoretic solution to the problem is shown to result
in the Kaplan-Meier estimator F° for F°. Without truncation, this estimator has
been traditionally motivated as either a nonparametric maximum likelihood estima-
tor (Kaplan-Meier, 1958), a redistribute-to-the-right estimator (Efron, 1967), or as an
estimator that satisfies a self-consistency relationship (Efron, 1967). With truncation
and censoring, it has been suggested as a nonparametric maximum likelihood estima-
tor by Turnbull (1976). In the current paper, the Kaplan-Meier estimator is shown
to be the systems-theoretic solution to generalizations of the self-consistency equa-
tions introduced in Efron (1967), however expressed in terms of their Laplace-Stieltjes
transforms.

The systems point-of-view uses an analog circuit to represent the progressive
stages in the life of the patient; see Figure 1. Suppose the certainty of the pa-
tient is represented by an electrical charge of 1. The arrival of the patient into the
study corresponds to the arrival of a Dirac function to the input node of a circuit
used to model the lifetime of the patient. The transient currents that pass through
the various wires over time represents the rates at which “portions” of the virtual
patient pass between nodes in the circuit. At the output node, which corresponds to
the death state of the patient, a plot of current versus time is the impulse response
function for the system driven by Dirac input; it is also the survival density dF°(t) of
the patient whose accumulation of probability over time must be the total probability
or the charge of 1.

An empirical version of this analog circuit based on right-censored and left-
truncated data approximates the system that describes a patient’s lifetime; see Figure

2. The corresponding empirical impulse response function for the empirical circuit is



shown to be dF O(t), the mass points for the Kaplan-Meier estimator.

The proposed analog circuit is represented mathematically as a multi-state semi-
Markov process whose flowgraph provides a schematic diagram for the circuit; see
Figure 1. This flowgraph is labelled with Laplace-Stieltjes transforms which are
the “transmittances” through the various wires. The Laplace-Stieltjes transform for
the impulse response at the output node is the system transfer function and for the
empirical version of the circuit will be recognized as the Laplace-Stieltjes transform for
the Kaplan-Meier mass probabilities. It is common to refer to this transfer function
as the “solution” to the circuit or system.

This circuitry or systems-theoretic approach has been previously used in Butler &
Bronson (2002) to estimate passage time distributions in multi-state survival models
that lack censoring using bootstrap methods. A major aim and motivation for the
present work has been to incorporate censoring into such models thus subsuming the
treatment of censoring into the systems-theoretic approach. The results of this paper,
as concerns the extensions to the competing risk setting, suggest that Laplace-Stieltjes
transforms for the Kaplan-Meier mass probabilities can be used as transmittances in
such models and can be justified as modules or chips within the circuitry to deal with
the existence of right censoring from system states. For a more complete description
of these systems-theoretic methods, see Butler (2001, 2007 Ch. 13) as it concerns
multi-state semi-Markov processes.

A fundamentally important yet unintended consequence of this work is the sup-
port that the systems-theoretic approach provides for the use of maximum likelihood
as a method of statistical inference. The systems-theoretic framework of this paper
motivates the Kaplan-Meier estimator, a nonparametric maximum likelihood estima-
tor, as an adjustment for right censoring and left truncation. By equating the passage

of a virtual patient through the various states of a multi-state semi-Markov process



with the flow of current through an electrical circuit, the fundamental concept of
current additivity in parallel circuits leads to use of the Kaplan-Meier estimator to
make the adjustment. Thus this framework provides a separate and fundamentally
different motivation for an estimator that would otherwise be motivated in terms
of mathematical likelihood. The physical basis for the systems-theoretic motivation
and its independence from likelihood concepts give additional reassurance for the
Kaplan-Meier estimator and more fundamentally for the likelihood principle and its
maximization as a method for statistical inference.

Finally, covariate u may be entered into the single event setting by assuming that
covariate dependence in F°(t) enters through the proportional hazards structure. In
this context, survival time X has survival S°(¢)? with S°(¢) as baseline survival and
0= exp(ﬁTu). Within the circuitry interpretation of this systems-theoretic approach,
some commonly used estimates of baseline survival S°(¢) may be determined. These
estimates use the idea that the risk of X is equivalent to the risk of § independent
hypothetical (virtual) baseline subjects that represent a charge of 6. The relative
risk for all the X? subjects are assessed in terms of the corresponding risks for the
collection of their virtual baseline counterparts. Extensions of these ideas to the

competing risks setting are also given.

2 Censored and truncated lifetimes

Let random variable X be the lifetime for a patient in the population with distribu-
tion function FY (z) and survival function S° (x) . Suppose a random truncation time
TP that is independent of X° which may also be interpreted as age upon entry into
the study. Let the censoring time Z° be random, independent of X°, and dependent

on TY only through the fact that the event {T° < Z°] is assumed to have probability



1. If T° = ¢, then also assume that the conditional distribution function of Z°|T° =t
is the distribution function G restricted to (£, 00) or the residual life distribution for
G° given Z° > t. For an untruncated patient who enters into the study, the truncation
time T is observed along with min(X?, Z%). This is the single event setting since one
event time X is considered.

Since only the smaller of X° and Z° is observed when T° < min(X?, Z9), it is
convenient to define the following competitive variables and their conditional distri-

butions:

TLT70{T° < X°} ~ E (z)
X L XO{T° < X0 < 20} ~ F ()
ZL700{T° < 70 < X%} ~ G (2)

with p; = pr{X° < Z°| T° < X°} and py = 1 — p;. The three random variables T, X
and Z represent competitive values for truncation time, lifetime, and censoring time
respectively, and the probability p; is also competitive. All three distributions and
p1 are estimable from the observed data. The support for all random variables is

assumed to be (0,00).

2.1 Semi-Markov systems

The lifetime of a random subject that may be right-censored and left-truncated is
shown in the semi-Markov flowgraph of Figure 1. If times are expressed in terms of
age, then a subject is born into node B at time 0. The transmittance input to node B
takes the value 1 and is the Laplace-Stieltjes transform for a Dirac function input at
time 0. An untruncated subject enters the study in the upper portion of the flowgraph
at time T € [t,t + dt) through state 1, where ¢ indexes one among the continuum

of truncation-time states {1; : ¢ > 0}. An observed lifetime occurs when the subject



passes directly from 1; — D with D as the absorbing death state. A right-censored
subject passes to state R, among the continuum of states {R, : z > ¢} where z is
the absolute time of censoring. After censoring, the subject’s subsequent unobserved
lifetime depends on z as indicated by the transition from R, — D. The unobserved
direct transition B — D indicated at the bottom of the flowgraph is the transmittance
to death for a truncated subject. All transition times in the semi-Markov flowgraph
are observed except for passage from B — D and R, — D.

Each pathway in the flowgraph is labelled with its transmittance defined as the
product of the state transition probability times the moment generating function for
the holding time in the originating state. For example, the transition B — 1, occurs

in time ¢ hence the moment generating function is e* with probability
dL(t) = pr{T° € [t,t +dt),T° < X"} = 7dE(t) (1)

where 7 = pr{T° < X°} = [* dL(t). With lifetime y, the transmittance 1, — D with

incremental transition time y — t is

My(s) = / " w04, (y) 2)

where dB;(y) is the probability the subject has observed lifetime y after entering the

study at time ¢, or
dBy(y) = pr{X° € [y,y +dy), Z2° > y|T° € [t,t + dt), T° < X}, (3)

A subject who is censored at time z > t makes transition 1; — R, in time z — ¢ with

probability
dQi(z) = pr{Z° € [z, 2 + d2), X° > 2| T° € [t,t + dt), T° < X°}, (4)

hence the transmittance e**~9dQ,(z). The fact that this transmittance depends on

the destination state R, is the reason for referring to the flowgraph as semi-Markov.
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Two of the transmittances N(s, z) and Y(s) are associated with transition times
that are not directly observable. These transmittances are reexpressed in Lemma 1
in terms of quantities that are estimable as a result of the independent censoring and

truncation assumptions.

Lemma 1 Suppose that E°, F°, and G° have no common jump points so that all
Riemann-Stieltjes integrals are defined. The transmittances that correspond to unob-

served transition times are estimable though the following relationships.

Ne2) = G [ evar) (5)
T(s) = /0 esy{1—7 /0 ’ Cgf((;)}dFo(y) (6)
Proof: For (5),
N(s, z) = OoeS@*Z)dH 7
(s,2) (y) (7)

where, for y > z > t,
dH.(y) = pr{X°€ly,y+dy)|2° € [z,2+dz),2° < X°}
= dF°(y)/S°(2). (8)

Substitution of (8) into (7) leads to (5).

Derivation of (6), requires first determining the relationship of dE(t) to dE°(t) as
dE(t) = pr{T°€[t,t+dt)|T° < X"}

= pr{T° € [t,t +dt),t < X}/

= dE°(t)S°(t)/T. (9)



Thus

T(s) = / eV pr {X° € (y,y + dy), X° < T°)
0

- / 1 - E%(y)}dF(y)

- /OOO eV {1 - /Oy dEO(t)} dF°(y)

which, upon using (9), gives (6). O

Semi-Markov modelling to explain right censoring (but without truncation) was
previously considered in Lagakos, Sommer, & Zelen (1978) and later Anderson et al
(1993, Ex. I112.8). Their models record passage time up to min(X?, Z°) and represent
censoring as a single absorbing node in a semi-Markov competing risks model. These
models do not consider transitions after censoring as is required when explaining all
state changes connected with lifetime X°. In modelling the entire lifetime X°, a single
censoring state cannot express the semi-Markov structure after censoring; such states
must be indexed as {R.} in order to allow subsequent transition to state D in time
X% — 2. These other models are different because they address different concerns: the
determination of a nonparametric maximum likelihood estimator for F°. The current
model rather explains the entire passage time X° and requires a semi-Markov model
as in Figure 1 to take account of the unobserved residual lifetime after censoring from
min(X?, Z% to X°.

A Markov model that allows for random left truncation has also been given in
Anderson et al (1993, Ex. III3.3). This model shows the parallel connection of
untruncated and truncated paths but otherwise has not been expanded to also allow

for right censoring as in Figure 1.



2.2 Self-consistency of F"

The assumptions of independent censoring and truncation provide a context in which
it is possible to remove the censoring risk factor and adjust for truncation when
estimating F°. When considered in terms of the flowgraph, the density dF°(x) of X°
is the output of the analog circuit at node D and the plot of dF°(z) versus x would
be the output seen on an oscilloscope were it to be attached to D. The Laplace-
Stieltjes transform of F°(z) is the transfer function of the system and is determined

by summing all parallel transmittances from B — D. Thus

/00 eVdFO(y) = Y(s) + A(s) + Z(s) (10)

0

is the respective sum over a virtual patient who may have been truncated, may have

had an observed lifetime, or may have been censored with

A(s) = /t et () My(s) (1)

=0

=(s) = /t T et ) { / T g0, ()N (s, z)} | (12)

=0 =t
The Stieltjes integrals in (10), (11) and (12) exist so long as the distributions have no
common jump points. Expressions (10), (11) and (12) may also be derived from first
principles without the flowgraph presentation. However, the use of flowgraphs and
the basic principle of summing over parallel conductances gives an intuitive physical
interpretation for the preservation of probability flow through the multi-state process.

A general estimable solution F°(y) to (10) follows provided Y, A, and = can be
expressed in terms of F° and the estimable distribution functions F,G, and H. As

shown in the Appendix,

Als) = / " evdE(y) (13)

=) = [ ] [ arw) (1)

9




and these expressions may be substituted into (10) along with (6) to yield

/O°° eVdF? (y) = /Ooo o5 {1 - T/Oy dsf((tt)) } dF°(y) (15)
+7p1 /O " eVaF (y) + po /O e { /O ’ flgf((j; } dF(y).

Inverting the transforms leads to the unique solution for dF° (z) as

i = {1-r [ G arw (16)

+ 7p1dF () + Tpo {/Oy C;f((j; dz} dF°(y).

Cancelling dF°(y) on both sides as well as the common factor 7 leads to

i[5 [ o

when the term in curly braces is not zero or negative. This is the population version

of the self-consistent equation originally introduced by Efron (1967) for the estima-

tion of F°(x) without truncation. If there is no truncation, then dE(0) = 1 so

JydE(t)/S°(t) = 1 and (17) gives Efron’s result for the population distribution.
Simple computations show that the right side of (17) is dF°(y). Expression (9)

leads to
YdE(t)  E°(y)
0 So(t) T

The use of Bayes theorem on dG(z) in the second term of (17) leads to

/de(z) ) /ypr{ZOG[z,z+dz)]ZO<XU,TU<X0}
= Po
0 0

SO(z) S%(2)
_ 1 dGO(2)S%(z) _ G°(y)
= po/o poTSO(z) =

Since {Z° < y} C {T° <y}, the term in curly braces in (17) is

E'(y) G°(y) pr(T°<y<2°

T r  pr(T° < X0)
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The right side of (17) is now

{pr(TO <y<Z2%

—1
X0 T0 « X0 « 70V — g0
pr(T° < X0) } pipr{X° € [y,y+dy)|T° < X° < Z°} = dF(y)

when Bayes theorem is used on the last probability for dF(y).

3 A self-consistent estimator for F'(r)

Untruncated data consist of n; lifetimes, observed as the pairs {(t1;,z;) i =1,...,n1}
where truncation time ¢;; < x;, and ng censored values {(to;,2;) : 7 =1,...,n0} with
to; < z;j. Distribution functions F, F, and G are estimated by their empirical counter-
parts E(t), F(x), and G(z) based on {t;} U {to;}, {x:}, and {z;} respectively while
p1 = ni/n. with n. = ng + n.

Figure 2 shows a semi-Markov flowgraph that is an empirical version of the graph
in Figure 1. Each subject contributes a separate path from B — D with weight 7/n..

The unobserved branches R,;, — D and B — D direct have empirical transmittances

N e 5% o0 A
N(s,z;) = 00 / eVdF° (y)
)z

o = [ [

where estimate FO(y) = 1 — S°(t) is presumed to exist. Summing over all parallel

connections gives the empirical counterpart to (15) as

/ sde[) ( Z 6stlles xi—t14) +— Z GStOJ 68 zj— toj (S Z]> (18)
0 . .

The second term is 7ny /n. [;° e*¥dF'(y) while the last term is
) 1 ) R ) Y JA R
o / _ { / esdeO(y)} dG(z) = 2 / evd [PAGELL pog.
n. Jo S°%z) UJ: n.Jo 0o S%2z)
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Inverting the Laplace-Stieltjes transforms in (18) leads to
" VAE(t) . [YdG(2) ]| ,- oA
C(y)dE® (y) := / -— = / —=2 3 dF° (y) = prdF 19
(y)dE™ (y) { , S0 Py e (y) = prdF (y) (19)
as the defining equation for self-consistency. The solution to (19) is summarized in

Theorem 2.

Theorem 2 Suppose that E(t), F (), and G’(t) have no common jump points. Let
z, = min{z;} and * = max({x;},{z;}) and suppose, without any loss in generality,
that censored values less than x, have already been deleted as uninformative. If N is
the number of subjects at risk at time t, the assumption that Ny > 0 for all t € (z,,z*)
assures that there is a unique self-consistent solution to (19) over (z.,x*) which is

the Kaplan-Meier estimator.

Proof. Since dF (y) = 0 for y ¢ {x;}, the support for dF° (y) can only be {z;} and
also regions in (z,,z*) for which C(y) = 0. The latter possibility will be eliminated
with the assumption that N > 0 for all ¢ € (z,, z*). For the sake of argument, suppose
that o1 < 25 < --- < T,,. For any ¢ between min[{ty;}, {to;}], and z;, C(t) > 0 and
dF° (t) = 0 so that S°(t) = 1 over this range. At z; = x,, (19) is

Clla1)dE® (z1) — (A—/l - 0> AE0 (27) = (20)

n. o
where N denotes the number truncated before x; and therefore at risk, while 0 is
the number censored before z;. The solution to (20) is dF°(z1) = 1/N; so that

S(z1) =1—1/N,.

More generally, the following recursions

1 A A 1
- == N and SO(xy) = S%z;_1) (1 - —) (21)
dF0<$l) SO<$Z,1) M
are shown to hold for [ = 1,...,n; which are those for the Kaplan-Meier estimator.

The | =1 case above has been shown to hold with xy = z7 .
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The proof of (21) proceeds by using induction wherein recursion [ in (21) is shown
to imply recursion [ + 1. Suppose that AT, = n.{E(ml+1) — E(ml)} and ARy, =
n.po{G(z111) — G(z;)} count the number of truncation and right censoring times
within (z;, 2;41). From (19),

1 ! 1 1
dﬁo(il?url) N Z Z So(tkj)_ Z SO(ZJ')

k=0 {j:tkj <xl+1} {j:Zj <xl+1}
1 AT B ARy
dﬁ’o(a:l) So(a:l) S’O<$l)

where the constant value S°(¢) = 5°(x;) over ¢ € [, 21,1) has been used. From (21),

this is
1 _ N, AT — ARy
dFO(z141) S%zi-1)  S%wia) (1 - 1/M)
N,

= = N —1+ AT — AR
So(xlil) (N,l _ 1)( l +1 l+1)

_ N (22)
SO(xy)

upon using the recursion for S°(x;) in (21). Using S%(x141) = S°(x;) — dEF°(x;41) and

(22) gives the remaining recursion. [

4 Irregularities and examples

Uniqueness of the solution to the self-consistent equations in (19) may be lost if no
subjects are at risk during a portion of the informative time span, i.e., there is a
t° € (x,,2*) for which Njo = 0. Furthermore, in this instance 59 does not have
to place all mass on {x;} but rather can place non-zero mass onto an interval that
contains t° since C(t°) = 0. Let ¢* be the next time point above ¢, which is necessarily
a truncation time, and let z, be the next time point below t° which is necessarily a

lifetime or censoring time. If z, is a censoring time (lifetime), then interval (z,t*)
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can (cannot) hold non-zero mass in the solution to the self-consistency equations.
Support intervals such as (z.,t*) were first noted by Frydman (1994) as additional
sites capable of holding mass for the nonparametric maximum likelihood estimate
when there is truncation. Such sites were not mentioned in Turnbull’s (1976) original
account dealing with general interval censoring and truncation. These points are

illustrated using two simple examples.

Example 1. Consider the ordered data
txl <tw2 <£L’1<tzl <Zl<£L’2<tx3<£E3

in which ¢,, is the truncation time for x;, etc. At x2, the two subjects entered into the
study are no longer at risk but the third subject has not yet entered. The example
violates the conditions of Theorem 2 since there are no subjects at risk during the
interval (z9,t,,). The self-consistent solution places mass 1/2 on z; and 1/2 on .

This leads to 5°(x3) = 0 and C(z,) = 2 from which the value for

is undefined due to division by S°(t,,) = 0.

In computing the nonparametric maximum likelihood estimate, the support set
from Turnbull (1976) is x; with probability s; for i = 1,2, 3. The respective likelihood
terms contributed by z1, 21, 2, and x3 are

S2 83
— = 5152

L =
31(32 + S3>82 + S3 83

and the maximum likelihood estimate agrees with the self-consistent estimate with

§1 - <§2 - 1/2
Example 2. Interchange z; and x5 from Example 1 to get ordered data
twl <tx2 <£L’1<tzl <£L’2<Zl<tw3 < 3.
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Again there are no subjects at risk during (z1,%,,) so Theorem 2 is violated. The
self-consistent solution places mass 1/2 on xq, 1/4 on x5, mass p in (21, t,, ), and mass

1/4 —p at x5 for any p € [0,1/4). In the self-consistent solution,

Clz) =4— = L 4o
5%(=1)

By allowing arbitrary mass p in (z1, t,,), then

A . 1 1
() = O+ 35 = 775

0

for any p € [0,1/4) which leaves dF°(z3) = 1/4 — p.

The support set for the maximum likelihood estimate is determined from Frydman
(1994) as xq,x2, (21,ts), and xz with probabilities si,...,s4. The nonparametric
likelihood is

S3 + S4 1—51— 59

L= §18g—————————— = 8159
So + S3 + 84 1— S1

which attains the same collection of maxima as the self-consistent solution.

5 Proportional hazards extensions in single event
settings

Suppose data consist of n. subjects with responses (t;, z;,0;,u;) for i = 1,...,n.
where the respective values are truncation time, lifetime/censoring time, indicator
of lifetime response, and covariate vector. For notational convenience suppose that
r1 < --- < x,. In the context of the proportional hazards model, subject ¢ with
lifetime X% has survival function pr(X,, > t) = S°(t)% with §; = exp(8”u;). This
subject’s survival function is the same as that for 6; independent virtual baseline
subjects. Equivalently, the hazard for X% is the sum of the hazards of these 6;

virtual baseline subjects.
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By working with a total of 0. = > | 0; independent virtual subjects instead of n.
heterogeneous subjects, extensions to the estimation of baseline survival S°(¢) in the
proportional hazards setting can be easily determined if ties in responses are allowed.
Allowance for ties in the Kaplan-Meier estimator is easily justified on the grounds
that it is the limiting estimator when ties are separated slightly and then allowed to
approach one another in the tied configuration. We shall work under such limiting
assumptions and also use the total collection of 6. virtual subjects. Note that the
difficult case that allows for tied values of x; with different covariate values 6; is not
under consideration.

Under such arrangements, both the partial likelihood for # and two baseline esti-
mates for S°(¢) can be easily justified. For an assumed 3, the partial likelihood under
both right censoring and left truncation is

n. 0 b
Ly(0) = 121 <—Zje&. (,j> (23)
where R; is the risk set at time z; so that j € R, whenever ¢; < ; < x;. The partial
likelihood is simply the product of observed Bernoulli probabilities for the virtual
baseline subjects at the set of lifetimes.
Estimation of baseline survival for an assumed value of 3 is simply
8
SO | (1 - ﬁ) , (24)
{i:w; <t} JER: I
which is the Kaplan-Meier form of the Breslow or Nelson-Aalen estimate. With-
out truncation, both (23) and (24) have been motivated as maximum profile semi-
parametric likelihood estimates by Johansen (1983). From the point-of-view of evalu-
ating the lifetimes of #. independent virtual subjects, the justification of (24) is simply
that 1 —1/>" R, ¢; is the probability that a single baseline patient survives lifetime

point z; from within the collection of > ._, 6, baseline subjects who are at risk at

JER;
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time x; . Thus (24) adjusts the observed probabilities pertaining to #;-subjects so
they are relevant to a baseline subject.

The Kalbfleisch & Prentice estimator (2002, Eq. 4.36)

o\
Skr®) =11 (1 - 2—193>

{i:z; <t} JER;
is equally simple to motivate. The probability that 6; virtual patients survive time z;

is 1 =0/ ) ;cp, 05 when computed from among ) ;. 0; subjects at risk at time ;.

JER;
This is the survival probability S°()% for Xy, and so to have it apply to a baseline
patient, it needs to be raised to the 1/6; power.

By equating the risk of a 6;-subject with 6; independent baseline subjects, these
three commonly used estimators from the proportional hazards setting can be moti-

vated. Indeed it is the structure of the proportional hazards setting that allows for

and gives validity to these simple arguments.

6 Competing Risks

In the classical competing risks setting, there are multiple event times X7, ..., X9
with distribution F°(x,...,7x) that compete with independent censoring time Z°
and independent left truncation time 7°. The value and index for M° = min{X}}
are observed if the events are untruncated, 7° < MY, and uncensored, M° < Z°. The

aim is to estimate the collection of subdistributions
F)(z) = pr(X, = M° < 1) k=1,....K

associated with F° from competitive data that are subject to right censoring and
left truncation. The distributional structure of the censoring and truncation vari-

ables supposes T° ~ EY and Z°|T" = t ~ G restricted to (¢,00) with T° and Z°
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independent of X7, ..., Xf. The survival function of M? is S9(t) = 1 — F?(t) where

FO(t) = Yy ().

The data are observed to come from the competitive distributions

TLT7T0{T° < X°} ~ E (z)
Xp L X0 {T° < X0 = M° < Z2°} ~ F, ()
ZL700{T° < 20 < M°} ~ G (2).

for k = 1,..., K. The competitive probabilities py = pr(Xp = M° < Z°) for k > 1

and py = pr(Z° < MY) are estimable from the data and add to 1.

6.1 Population flowgraph

Figure 3 shows the competing risk flowgraph when there are K = 2 possible events
that are subject to random right censoring and left truncation. The transmittances
along with estimable expressions, determined from arguments similar to those in
section 2, are dL(t) = 7dE(t) where 7 = pr(T° < M°) and My (s) = [~ e*W=dBy(y)

where

dBi(y) = pr{Xp=M"€[y,y+dy), M’ <Z°|T° € [t,t+dt), T° < M°}
dQi(z) = pr{Z°€z,z+dz),Z2° < M°|T° € [t,t +dt), T° < M°}

6—82

Ni(s,z) = %/:oesydﬂg(y)

o+ [ fie [ e

Summing over all paths from B to Dy, within which lifetimes of type k are observed,

gives transmittance

Ai(s) = Tpe / eVAFy(y).
0
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Summing from B to D, but passing through censored states gives

oo [ [ 82}

The Laplace-Stieltjes transform for subdistribution F} is the sum over all trans-

mittances from B to Dy or T (s) + Ag(s) + Ex(s). Transform inversion leads to

it ) ={ [ 5 [ pyari ) (25)

fork=1,..., K.

6.2 Empirical flowgraph

The data consist of n; observed events of type k£ and ny censored with total sample
size n. = ng + Zszl ng. Suppose x; is the ith observed event time of type k with
associated truncation time ty; < xy;. The times {to; : ¢ = 1,...,no} are the truncation
times for the censored data. Truncation distribution E is estimated using E, the
empirical distribution of {tx; : k =0,...,K;j = 1,...,n;} while E}, and G are the
empirical distributions of {zy; : ¢ = 1,...,n;} and censoring times {z; : j =1,...,n0}
respectively. Estimate py = ng/n. .

Figure 4 shows the empirical competing risk flowgraph with K = 2. Summing

over all paths from B to D;, leads to the self-consistency equations
Cy)dFY(y) = prdFi(y) = 1/n.  k=1,... K (26)

where

A

oo [VAE@®) . [YdG(2)
C“’)_/o 30(¢) p“/o $0(z)

The solution to (26) is now summarized in Theorem 3.

Theorem 3 Suppose that E(t), {Fy(t)}, and G(t) have no common jump points. Let

z, = min{zy; } and * = max({zy}, {z;}) and suppose, without any loss in generality,
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that censored values less than x, have already been deleted as uninformative. The
assumption that Ny > 0 for all t € (x.,x*), where Ny is the number of subjects at risk
at time t, assures that there is a unique self-consistent solution to the K equations in
(26) over (x.,x*) and that the subdistribution solutions are those associated with the

Kaplan-Meier estimator.

Proof. The proof is the same inductive proof used for Theorem 2. Assumption
N; > 0 assures that mass is only placed on event times. Order the N = n. — ng event
times as 1 < --- < x) and suppose the associated event types are i(1),...,i(N). The
I = 1 case of induction holds and states that dﬁ’i[zl)(ml) = 1/Nyand 89 (z;) = 1-1/N;

where N; is the number of subjects at risk at time x; = x,. Assuming the /th case,

]_ M A0 AO
_ = - 80 (z) = SO (z-1) (1 — 1/N))
AF9 () S(z11) +a) = Silea) (L= 17M)

it can be shown through induction that the (I + 1)st case holds. [

Subdistribution estimate F, Y accumulates Kaplan-Meier probabilities dﬁ’,? at event
times of type k where the Kaplan-Meier estimate S (z) = 1 — Y"1, F2(z) for the
survival of M° has been computed by using the pooled set of event times. If z* is a
censored value, then 5”3(:5) and {F?(z)} are indeterminate for z > z*.

These subdistribution estimates may also be expressed in terms of the individ-
ual Kaplan-Meier estimates for the marginal distributions of {X}} in the indepen-
dent competing risk setting. This setting supposes {X}} are independent so that
FOzy,...,xx) = [I5", F(zy). Let F0(x) denote the Kaplan-Meier estimator of
FY(z) computed with non-k event times treated as censored along with data that
are truly censored. It is a simple derivation to show the subdistribution estimate

1#9() — aFa) [ {1- @}

1=i#k
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That the independent competing risk model should happen to lead to the same esti-
mate reflects the well-known fact that competing risks data contain no information

about the dependence structure of the joint distribution of X?, ... X9%.

7 Proportional hazards extensions in competing
risk settings

Prentice et al (1978) review the options proposed by Holt (1978) for including covari-
ates in the Cox model and offer two models for this setting. In the first, regression
coefficients are cause-specific so that a subject with covariate u would have the cause-
specific hazard Ox\ox(t) where ), = exp(fiu) and the baseline hazard is \ox(t) =
dFQ(t)/SY(t). For this model, the K cause-specific parameter sets {61, Ao1(*)},. ..,
{0k, ox(-)} are L-independent (Barndorff-Nielsen, 1978, §3.3) in the sense that the
likelihood is completely separable into such groups of parameters. Accordingly, cause
specific baseline hazards, subdistributions, and regressions are estimated separately
by using the methods of section 5.

Under the second model, the cause specific baseline hazards are proportional so
the kth event type hazard is 0x\o(t) with 6, = exp(ax + 87 u). In this model, the
subject’s hazard is the same as that of Zfil 0, independent virtual baseline subjects
and can be treated as such for purposes of estimation. In regression estimation, this
leads to the partial likelihood given in Prentice et al (1978, Pg. 547) as well as a
logistic model for event type. Correspondingly, estimates of A\y(t) have support over
the pooled collection of event times and for each event time are based on the subjects

at risk at that time from among the Zfil 6. virtual baseline subjects.
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8 Appendix
Proof of (13): Substituting (1), (2), and (3) into (11) gives

t=00 Y=00
As) = 7 / et dE(t) / -0 dB, (y)
)

=t

t=y
= 7T esy/ pr{XOE[y,y+dy),ZO>y,T0€[t,t+dt)|T0<X0}
t=0

t=0

y=00

y=0

= T/ e pr{X" € [y,y+dy),ZO>X°!T0<XO}=Tp1/ eVdF (y).
0 0

Proof of (14): Substituting (1) and (5) into (12) gives

=(s) = /: e [ dﬁt((j)) | et = [ evan)

dB(y) = 7dF°(y) / _:, 501(2) /t_; dQq(z)dE(t). (27)

z

where

Substituting (4) into (27), the integral in ¢ is

t=2
/ pr{Z° € [2,2+4+d2),X°>Z°T° € [t,t +dt)|T° < X"}
t=0
= pr{Z°€[z,2+dz2), X > Z°|T° < X"}
= pr{Z° € [z,2+d2) |T° < Z° < X} pr{X° > Z° | T" < X"}

= dG(2)po. (28)

Substitution of (28) into (27) gives (14).
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1 @ e dL(f) fl_t\ (s) @

e dQ,(2)

Y(s) )

Fig. 1: Semi-Markov flowgraph for a virtual patient’s lifetime subject to a single
risk.

Y(s)

Fig. 2: Empirical semi-Markov flowgraph providing an approximation for the
single-risk flowgraph of Figure 1.
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Fig. 3: Semi-Markov flowgraph for a virtual patient’s lifetime subject to two
competing risks.

. Y.(9)

es( X ~ty;)

Fig. 4: Empirical flowgraph providing a semi-Markov approximation for the
competing-risks flowgraph in Figure 3.
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