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Estimation of 3-D Surface Displacement Based
on InSAR and Deformation Modeling
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Abstract— A new approach is presented for mapping 3-D
surface displacement caused by subsurface fluid volumetric
change based on 1-D interferometric synthetic aperture radar
(InSAR) line-of-sight measurements and surface deformation
modeling. The relationship between surface deformation and
source fluid volumetric change is modeled according to elastic half-space theory. A distinctive advantage of the proposed approach is that it effectively extends the capability of the sun-synchronous orbit side-looking synthetic aperture radar that has been essentially only able to measure
1-D displacements accurately or at most 2-D displacements when
InSAR measurements from more than one orbit or platform
are combined. Experimental studies are carried out with both
simulated and real data sets to test the performance of the
method. The results have demonstrated that the approach works
very well.
Index Terms— 3-D displacements, elastic half-space theory,
interferometric synthetic aperture radar (InSAR), subsurface
fluid.

I. I NTRODUCTION
NTERFEROMETRIC synthetic aperture radar (InSAR)
has, in recent decades, become a powerful technique
for monitoring surface displacements caused by volumetric
changes in underground fluids, such as groundwater, oil, and
gas [1]–[4]. Multitemporal InSAR (MT-InSAR) algorithms
(e.g., persistent scattererers [5], small baseline subsets [6],
and temporarily coherent point [7]) have especially been
developed to determine the slow and subtle displacements
by better suppressing the inherent InSAR errors, such as
decorrelation noises and atmospheric artifacts [4], [8], [9].
However, standard InSAR measurements reflect only the
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projection of the actual surface displacements onto the lineof-sight (LOS) direction of the radar signals [10], [11].
Since subsurface fluid volumetric change typically causes
3-D surface displacements, the 1-D InSAR LOS measurements
are insufficient to provide the required information about the
ground deformation and the potential geohazards related to
such ground deformation [12].
Complete 3-D displacements can, in theory, be recovered
by integrating three or more InSAR LOS measurements
with different imaging geometries and covering similar time
periods. In fact, the sun-synchronous polar orbit and sidelooking imaging geometry of the current SAR can only detect
accurately the vertical and east displacements even data from
different imaging geometries are used (i.e., the ascending
and descending orbits) [11]. In other words, the InSAR LOS
measurements are almost “blind” to the north displacement
component except at the polar regions [13], [14].
To provide information on the north component of ground
surface deformation, offset-tracking [15] and multiaperture
InSAR (MAI) [16] techniques have been proposed to
provide displacement measurements in the azimuth direction (nearly parallel to the north direction) from InSAR.
Complete 3-D displacements can thus be constructed by
integrating InSAR-derived LOS measurements and the offsettracking/MAI derived azimuth measurements with an approach
such as weighted least squares (WLSs) algorithm [17]–[22].
Nevertheless, this type of methods is limited only to the investigation of significant displacements (in the order of several
centimeters at least) such as those caused by earthquakes,
volcano eruptions, and glacier movements due to the limited
accuracy of the offset-tracking and MAI techniques. GPS
observations can also aid InSAR in resolving reliable 3-D
displacements. To integrate InSAR and GPS measurements,
the spatially sparse GPS observations need to be interpolated
into the same lattice as that of InSAR measurements [23]–[25],
or linked to the stress–strain based on the theory of elasticity [26]. Obviously, the method requires a large number of
GPS stations, which are not always available.
We will propose a novel approach for inferring
3-D surface displacements caused by subsurface fluid
volumetric changes based on 1-D InSAR displacement
measurements and elastic half-space theory that exploits the
relationship between Earth surface deformation and fluid
volumetric changes. A joint model will be constructed that
will be able to estimate the 3-D surface displacement and
the subsurface fluid volumetric change simultaneously based
on the InSAR LOS measurements. A distinctive advantage
of the proposed approach is that InSAR LOS measurements
of a single track can be used to resolve accurate 3-D
displacements. The performance of the proposed approach
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written as
⎤
⎡
d1 (x i )
⎣ d2 (x i ) ⎦
d3 (x i )
⎤
⎡
Vy × G 1 (x i , y1 ) Vy × G 1 (x i , y2 ) · · · Vy × G 1 (x i , y N )
= ⎣ Vy × G 2 (x i , y1 ) Vy × G 2 (x i , y2 ) · · · Vy × G 2 (x i , y N )⎦
Vy × G 3 (x i , y1 ) Vy × G 3 (x i , y2 ) · · · Vy × G 3 (x i , y N )
⎡
⎤
Dv (y1 )
⎤
⎡
ε1 (x i )
⎢ Dv (y2 ) ⎥
⎥ − ⎣ ε2 (x i ) ⎦
·⎢
(3)
..
⎣
⎦
.
ε3 (x i )
Dv (y N )
Fig. 1.

Surface displacement and volume change of subsurface fluid.

will be verified by experimental studies based on both
simulated and real SAR data sets.
II. M ETHODOLOGY

I (x i ) = [ S1 (x i )

It is a well-established fact that underground fluid flow
can lead to ground deformation [27], [28]. To understand
subsurface fluid status, great efforts have been made to
model subsurface fluid volumetric change based on ground
deformation observed by geodetic techniques, such as leveling, GPS, and InSAR [1], [28]–[34]. In this process, an
assumption commonly made is that the source volume lies
within a homogeneous half-space and the Earth deforms
elastically [35], [36]. This is obviously an idealization, but is
applicable in investigating most subsurface fluid changes even
when the surrounding earth medium is heterogeneous due to
layering and faults [36]. According to the elastic half-space
theory, the relationship between the surface displacement and
the volumetric change of the subsurface fluids is [37]

dl (x) =
G l (x, y)Dv (y)d y
(1)
V

where dl (x) represents the surface displacement at point x,
with l = 1, 2, 3 indicating the east, north, and up components,
respectively; Dv (y) represents the fractional fluid volumetric
change of a block at point y within a source volume V ;
G l (x, y) is Green’s function defined as
(ν + 1) (xl − yl )
G l (x, y) =
3π
S3

where Vy is the volume of block y j ( j = 1, 2, · · · , N). εl (x i )
represents the model error of (1) at point x i , which could
be induced by such factors as existence of a fault within the
source volume [36].
Assuming that InSAR LOS displacement measurement at
point x i is acquired by using data from a single orbit track,
the InSAR LOS measurement I (x i ) can be written as [10]

(2)

where
ν
is
Poisson’s
ratio;
S
=
1/2
is the distance
((x 1 − y1 )2 + (x 2 − y2 )2 +(x 3 − y3 )2 )
between block y and point x [30], [38].
Fig. 1 shows the concept presented in (1). The surface
displacement at each point (e.g., x i ) is the accumulative
contribution of all the blocks within the underground source
volume. We assume that the underground source volume can
be discretized into N blocks. Considering that M observation points are provided by the InSAR LOS measurements, the 3-D surface displacement of point x i , (i =
1, 2, · · · , M) due to subsurface fluid volumetric change can be

S2 (x i )
· [ d1 (x i )

S3 (x i ) ]
d2 (x i )

d3 (x i ) ]T + η(x i ) (4)

where η(x i ) is the InSAR observation errors at point x i ,
due to, e.g., decorrelation noise, residual topographic error,
atmospheric artifact, and orbital error; S1 (x i ), S2 (x i ), and
S3 (x i ) represent the projection coefficients of InSAR LOS
measurement at point x i for east, north, and up directions,
respectively
⎧
⎪
⎨ S1 (x i ) = −cosαi · sinθi
(5)
S2 (x i ) = sinαi · sinθi
⎪
⎩ S (x ) = cosθ
3 i
i
where θi and αi are the radar incidence angle and azimuth
angle (clockwise from the north) of point x i , respectively.
Equations (3) and (4) can be combined to form a joint model
that involves all the observed points and underground volume
blocks
=B +

(6)

where  is the 4M × 1 observation matrix
4M×1 = [I (x 1 ) · · · I (x M ) 0 0 0 · · · · · · · · · 0 0 0]T
is the 4M × 1 residual matrix
4M×1

= [η(x 1 ) · · · η(x M ) ε1 (x 1 ) ε2 (x 1 ) ε3 (x 1 ) · · · · · ·
· · · ε1 (x M ) ε2 (x M ) ε3 (x M )]T

is the (3M + N) × 1 vector of unknown parameters,
constituting of the 3-D surface displacements of the M points
and the fractional volumetric changes of the N blocks
(3M+N)×1

= [d1(x 1 ) d2 (x 1 ) d3 (x 1 ) · · · · · · · · · d1 (x M )
d2 (x M ) d3 (x M ) Dv (y1 ) · · · Dv (y N )]T

and B is the 4M × (3M + N) design matrix, as shown at the
bottom of the page.
When the number of observed points M is larger than the
number of blocks N, the joint model in (6) can be resolved by
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Fig. 3.

Simulated fractional volume changes of subsurface fluid.

as the penalty matrix, with a weighting factor to control
the level of the roughness. Such a term can characterize a
connected network of subsurface fluids rather than isolated
blocks [34], [35].
Fig. 2.

Block diagram of the approach.

applying least squares principle. This is usually a large sparse
linear system, and the unknown parameters can be estimated
by using an iterative method based on, e.g., the Golub and
Kahan bidiagonalization procedure [39], [40].
The joint model in (6) can accommodate InSAR LOS measurements from different orbit tracks, and thus the redundancy
of the equation system can be increased to t × M − N (t is the
number of orbit tracks). In addition, the underground source
volume can be more than one layer when necessary. A block
diagram illustrating the main steps of the approach is shown
in Fig. 2.
Although (6) is overdetermined, the system might be
unstable due to its possible ill-condition [35]. In order to
stabilize the least-squares inversion, a roughness penalty can
be included in the joint model. A matrix that estimates the
spatial derivative of the fractional volume change can be added

III. E XPERIMENTS W ITH S IMULATED DATA
The performance of the approach is first evaluated by using
a series of simulation experiments. As shown in Fig. 3,
the fractional volumetric change of the subsurface fluid is
simulated over a 400 × 450 grid based on
Dv (i, j ) = Dv,max · e−((i

2 + j 2 )/ω)

(7)

where Dv (i, j ) is the fractional volumetric change at a block
(i, j ); Dv,max is the maximum value of the fractional volumetric change (Dv,max = 5×10−4 in this simulation); and ω is the
term that controls the gradient and the size of the volumetric
changes. The grid sizes are all 10 m × 10 m. The depth and
thickness of the simulated subsurface fluid are both 100 m. A
typical Poisson’s ratio of 0.25 is used in this paper.
According to (1), 3-D surface displacements are calculated from the simulated fractional fluid volumetric change
[see Fig. 4(a)–(c)]. InSAR LOS measurements from ascending
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Fig. 4. Surface displacements induced by the simulated fractional volume change of the subsurface fluid. (a) East component. (b) North component.
(c) Up component. (d) LOS component with simulated noises (unit: cm).
TABLE I
RMSEs OF E STIMATED 3-D S URFACE D ISPLACEMENT F ROM THE I N SAR
LOS M EASUREMENTS W ITH D IFFERENT L EVELS OF N OISE

orbit track are then simulated over a 400 × 450 grid by
using (4), where the SAR radar system parameters are the
same as the advanced land observing satellite (ALOS) phased
array-type L-band SAR (PALSAR) data over the Kilauea
volcano, Hawaii, which will also be used in Section IV. For
simplification, a zero-mean additive Gaussian noise with 2-mm
standard deviation (STD) is added to the InSAR measurements
as the InSAR observation noise [see Fig. 4(d)].
The 3-D surface displacements and the fractional fluid volumetric change are estimated from the simulated InSAR LOS
measurements based on (6). To enhance the redundancy of the
equation system, the fluid volumetric change is estimated over

Fig. 5.

Estimated fractional volume changes from the joint model.

a 40×45 grid rather than over the original 400×450 grid. The
coarser resolution is sufficient in describing the variation of
the subsurface fluid although some approximation errors due
to the downsampling operation may be introduced [35], [36].
Fig. 5 shows the estimated fractional fluid volumetric
change that has clearly a similar pattern to the simulated volumetric change, although the spatial resolution is
100 times lower. Fig. 6(a)–(c) shows the 3-D surface displacement maps estimated from the joint model. It is found that
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Fig. 6. (a)–(c) Estimated 3-D surface displacements from the joint model. (d)–(f) Differences between the estimated and simulated 3-D surface displacements.
(Left) East component. (Middle) North component. (Right) Up component (unit: cm).
TABLE II
BASIC I NFORMATION OF THE U SED ALOS PALSAR D ATA

the three components appear all agree well with the simulated
ones. Fig. 6(d)–(f) gives the differences between the estimated
and the simulated 3-D surface displacements. It seems that
the differences in the east and up directions are dominated
by Gaussian noise. This is expected, since the simulated
errors added to the InSAR LOS measurements are propagated
mostly into these two components due to the relative larger
projection coefficients in the east and up directions (i.e., about
0.6 and 0.7, respectively). The grid pattern in the north
direction is considered due to downsampling of the grid of
the estimated fractional fluid volumetric change.
The root-mean-square errors (RMSEs) of the differences
between the simulated and the estimated 3-D surface displacement values are calculated to provide a quantitative assessment
of the performance of the proposed approach. Different levels
of noise (0, 1, 2, 5, 10, and 20 mm in STDs) are added to
the InSAR LOS measurements in the experiment. As shown in
Table I, the RMSEs increase with the STDs of the InSAR LOS
measurements, but the RMSEs of the estimated deformation
are smaller than the STDs of the InSAR observations. Even
when the InSAR observation errors increase to 20 mm, the
STDs of the estimated deformation components are still within
10 mm. This indicates that the joint model can efficiently suppress the effect of InSAR observation noise. The north component is most accurate when observation noise is added. However, the RMSE of the north component is twice of those of the

other two components when no noise is added to the InSAR
LOS measurements. This also demonstrates that the north
displacement estimations depend mainly on the joint model.
IV. E XPERIMENTS W ITH R EAL DATA
As one of the five active shield volcanos on Hawaii
Islands, Kilauea volcano has fitfully erupted since
January 3, 1983 [41]. On June 17, 2007, a new episode of
eruptions occurred with rapid deflation at the summit [42].
The volcanic activities were recorded by many geodetic
techniques, such as tilt meters, GPS, and InSAR, among
which Jung et al. [19] had mapped the complete 3-D
displacement fields by employing two InSAR-derived LOS
measurements and two MAI-derived azimuth measurements
provided by the cross-heading ALOS PALSAR tracks
(see Table II). The surface deformation of a volcano is often
related to volcanic and tectonic sources, and is difficult to
be described by a simple fluid volumetric model. In this
paper, we only focus on the deformation of the caldera of
Kilauea volcano, which should mainly be caused by the
intrusion and eruption of the magma [45] and can be modeled
more easily. We use the proposed approach to estimate the
complete 3-D displacements of the Kilauea caldera from
only the InSAR LOS measurements provided by ALOS
PALSAR ascending orbit (i.e., the first pair in Table II). The
shaded relief map of the study region is shown as Fig. 7(a),
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Fig. 7. (a) Shaded relief map of Kilauea caldera. Triangles represent the locations of GPS sites. The red and blue arrows represent the vertical and horizontal
components of the GPS displacement observations, respectively. The inset map shows the location of the study area in the Hawaii Island. (b) Displacement
in the LOS direction derived from the ALOS PALSAR ascending interferogram. Square represents the reference area.

which is generated from 1-arcsec shuttle radar topography
mission (SRTM) data. Note that the descending PALSAR
pair (i.e., the second pair in Table II) is not used in the joint
model to avoid the decorrelation noise caused by its relative
longer time interval. Furthermore, the volcanic activities
during the investigated period may induce different ground
movements to the ascending and descending pairs that have
different temporal spans.
With the PALSAR images acquired on May 5 and
June 20, 2007, a differential interferogram with a time interval
of 46 days and perpendicular baseline of 325 m is generated
using a two-pass Differential Interferometric Synthetic Aperture Radar approach. Multilook operation (i.e., 3 looks in range
and 14 looks in azimuth directions) is carried out to reduce
the noise in the data. The contribution of topographic phase is
simulated and removed by using the 1-arcsec SRTM Digital
Elevation Model (DEM) [Fig. 7(a)]. Before the retrieval of
the phase integer ambiguities with the minimum cost flow
algorithm [43], we apply a least-squares-based filter [44] to the
differential interferogram to further suppress the effects of the
noise. Bi-quadratic and linear polynomial models are applied
to the unwrapped differential interferogram to reduce the
effects of the potential orbit errors and stratified atmospheric
artifacts. Finally, the displacement measurements along the
PALSAR ascending LOS direction are converted from the
differential interferogram via a multiplication of λ/4π
(where λ is radar wavelength), and then transformed into
the World Geodetic System 1984 coordinate system, resulting
in a spatial resolution of about 30 m × 30 m. The LOS
displacement field of the Kilauea caldera is shown in Fig. 7(b),
where the black square represents the reference area used in
the InSAR data processing.

Fig. 8. Estimated fractional volume changes of the magma beneath the
Kilauea caldera.

Besides the geocoded InSAR LOS displacement measurements, the SAR imaging geometry and some a priori
knowledge about the magma should be provided when
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Fig. 9. Estimated 3-D surface displacements of the Kilauea caldera from (a)–(c) joint model and (d)–(f) WLS method. Triangles represent the locations of
the GPS sites. (Left) East component. (Middle) North component. (Right) Up component.
TABLE III
D IFFERENCES B ETWEEN THE E STIMATED 3-D S URFACE D ISPLACEMENTS F ROM InSAR AND GPS O BSERVATIONS

applying the joint model. We estimate the local incidence angle
and azimuth angle for each pixel from the PALSAR sensor’s
parameters and the local topography provided by SRTM DEM.
Poisson’s ratio of 0.25 is assumed [45]. Following [46], the
depth of the magma is assumed to be 1.25 km. It is quite
difficult to determine the value of thickness of the magma in

reality. We use a typical thickness of 100 m and assume that
the volumetric change occurs predominantly in the uppermost
layer of the magma. In addition, we downsample the fractional
magma volumetric change to a spatial resolution of about
300 m × 300 m, which is 100 times low in resolution than
the surface displacements. A roughness penalty is included
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in the inversion of Kilauea caldera to avoid the instability
probably due to the great depth of the magma. We select
10 as the weight of the roughness penalty term, based on the
examination of the misfit between the InSAR-derived and the
reestimated LOS deformations.
Fig. 8 shows the estimated fractional magna volumetric change beneath the Kilauea caldera during May 5 and
June 20, 2007 from the proposed approach. It is seen that
the most evident activities occurred in and around the caldera.
It is determined that the magma changed its volume by
−4.6 × 106 m3 during this time period. The results provide
a reasonable physical evidence that is related to volcano
sources. The 3-D displacement maps estimated are shown in
Fig. 9(a)–(c). As expected, the ground subsided and moved
toward central area of the caldera as a result of the reduction
of the subsurface magna volume and the deflation of the
surface area. The maximum vertical displacement reached
−16 cm, at the center of the caldera. While the east and
north displacements are roughly symmetrical with respect to
the center of the caldera, in the range of −6–6 cm. Benefited
from the good quality of the used InSAR LOS measurements,
all the three displacement components from the solution look
very clear and smooth, indicating fairly low level of noise in
the results.
For comparison, the 3-D displacements of the Kilauea
caldera have also been estimated by applying a WLSs adjustment model based on the InSAR and MAI measurements from
the ascending and descending pairs listed in Table II. In the
MAI processing, a half normalized squint is adopted in the
azimuth common band filtering to generate the backward- and
forward-looking SAR images. Besides, we use the method
proposed in [47] to eliminate the phase residuals induced by
minor difference between the perpendicular baselines of the
backward- and forward-looking interferograms. The weights
of the InSAR or MAI observations are determined according
to the STDs that are calculated with a 5 × 5 window sliding
over the observations [19], [21]. Fig. 9(d)–(f) shows the 3-D
displacement maps estimated from the WLS-based method.
In general, the three deformation components are similar to
those estimated from the joint model proposed in this paper,
especially the up component. However, the ground subsidence
at the caldera derived from WLS-based method are somewhat
smaller than that from the new method. Since the caldera
switched from deflation to inflation from June 19, 2007 [42],
some subsidence were neutralized by the subsequent uplift in
the PALSAR descending measurement that covers a longer
period. This can explain the difference between the joint
model and the WLS-based results. It is also found that the
north displacement field derived from WLS-based method is
contaminated by bubble-shaped deformations, which are not
expected in this area. This could be ascribed to the errors in the
MAI measurements, which dominate the north component but
are not accurate enough to estimate centimeter-level surface
displacements.
The activity of the Kilauea caldera was also recorded by
six GPS sites (AHUP, BYRL, KOSM, UWEW, SAND, and
DEST), which are employed in this paper to cross validate
the InSAR results. The locations of the GPS sites are shown
as triangles in Figs. 7(a) and 9. A 3×3 pixel window over each
of the GPS sites is used to calculate the average displacement

from the InSAR results for comparison with the GPS results.
The differences between the 3-D displacements estimated from
the joint model and WLS-based approaches and the GPS
3-D displacement observations at the six sites are provided in
Table III. We can clearly observe that the new approach in general offers better accuracy than the WLS-based approach for all
the three components. The RMSEs of the results from the joint
model are 8.2, 10.8, and 12.7 mm for the east, north, and up
components, respectively, while those of the results from the
WLS-based model are 16.5, 36.9, and 16.6 mm, respectively. Improvements of 50.3%, 70.7%, and 23.5% have been
achieved for the east, north, and up components, respectively.
The greatest improvement in the north direction demonstrates
that the new approach is more suitable for monitoring 3-D
surface displacements associated with subsurface fluid changes
than the purely InSAR-based approaches. The relatively larger
RMSE errors of the up results may be partly due to the inferior
vertical positioning accuracy of GPS.
V. C ONCLUSION
Knowledge on complete and spatially continuous 3-D
surface displacements is of great importance for studying the
surface deformation and associated geohazards due to subsurface fluid volumetric change. A new method is proposed in this
paper to derive 3-D surface displacement and subsurface fluid
change based on InSAR LOS measurements and deformation
modeling according to elastic half-space theory. Experiments
with both simulated and real data sets have shown that the new
method can accurately estimate 3-D displacements associated
with subsurface fluid changes. The results are more accurate
than those from pure InSAR measurements. The proposed
approach should be useful for studying various phenomena
such as subsidence due to water and oil extraction.
Further work can be done to improve the proposed method.
First, the joint model needs some a priori knowledge about
the site, e.g., Poisson’s ratio of the earth material, and the
depth and thickness of the fluid volume. When such knowledge
is unavailable, an iterative approach may be developed to
estimate such information as part of the inversion process.
Second, the single layer assumption and the coarse spatial
resolution of the fluid blocks may be insufficient in certain
applications. Third, the joint model can be integrated with
multisensor, multitrack, and multitemporal InSAR measurements based on a Kalman filter approach [48] to improve the
temporal resolution of the solution.
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‘Ō’o-Kūpaianaha eruption: Chronology and selected bibliography,” in
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