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A New Numerical Method for Calculating Extrema
of Received Power for Polarimetric SAR
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Abstract—A numerical method called cross-step iteration is
proposed to calculate the maximal/minimal received power for
polarized imagery based on a target’s Kennaugh matrix. This
method is much more efficient than the systematic method, which
searches for the extrema of received power by varying the polarization ellipse angles of receiving and transmitting polarizations.
It is also more advantageous than the Schuler method, which has
been adopted by the PolSARPro package, because the cross-step
iteration method requires less computation time and can derive
both the maximal and minimal received powers, whereas the
Schuler method is designed to work out only the maximal received
power. The analytical model of received-power optimization indicates that the first eigenvalue of the Kennaugh matrix is the supremum of the maximal received power. The difference between these
two parameters reflects the depolarization effect of the target’s
backscattering, which might be useful for target discrimination.
Index Terms—Polarimetry, scattering, scattering parameter
measurements, synthetic aperture radar (SAR).

I. I NTRODUCTION

P

OLARIMETRIC synthetic aperture radar (SAR) data are
receiving more attention following the recent launch of
several new-generation SAR satellites (Advanced Land Observation System Phased-Array L-Band SAR, TerraSAR, and
Radarsat-2) with polarimetric capabilities. It can be expected
that the rich polarimetric SAR data resources will stimulate
more interest in developing new algorithms and methodologies
for information extraction from the polarized signal.
A polarimetric SAR measures the microwave reflectivity of
a target using quad-polarizations HH, HV, VH, and VV to
form a scattering matrix [1]. Having measured this matrix, the
target response to any combination of transmitted and received
polarizations can be calculated through polarization synthesis
[2]. There are specific transmitting/receiving polarizations that
maximize and minimize the power backscattered from the
target and received by the antenna. These specific polarizations
are called optimal polarization states. The corresponding maxima and minima of the received power are basic parameters
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for polarized SAR data and contain important information to
discriminate different types of targets [3], [4].
The optimal polarization problem can easily be solved if the
scattered wave is assumed to be completely polarized. Under
this assumption, the maximal received power, which is identical to the maximal backscattered power, corresponds to the
maximal eigenvalue of the Graves matrix [3] or the covariance
matrix [5]. However, in practice, the scattered wave is usually
partially rather than completely polarized because a natural
target consisting of distributed scatterers has a depolarization
effect. In this case, the maximization of the received power
is equivalent to numerically solving a sixth-order polynomial
equation [4], [6].
In this letter, we propose a new numerical method, which we
call the cross-step iteration method, to calculate the maximum
and the minimum of polarimetric received powers directly from
the Kennaugh matrix. This method is much more computationally efficient compared with the systematic method, which
consists of deriving the extrema from the polarization ellipse
angles sampled at a small interval. We present the analytic
formulation of the received-power optimization problem in
Section II. The proposed cross-step iteration method is detailed
in Section III. Section IV presents an example of calculating the maximal and minimal received powers with AIRSAR
L-band polarimetric data. The proposed method is compared
not only with the systematic method but also with a widely used
computation method, which has been adopted by PolSARPro,
a polarimetric SAR data processing and educational package
developed by the European Space Agency [7]. The relationship
between the maximal/minimal received power and the maximum eigenvalue of the polarimetry Kennaugh matrix, as well
as their implications, is discussed in this section. Conclusions
are drawn in Section V.
II. A NALYTIC F ORMULATION
For a target characterized by its 4 × 4 Kennaugh matrix K,
the backscattered power from the target can be defined as in
[8], i.e.,
P =

1
Gr · KGt
2

(1)

where Gr and Gt are the Stokes vectors of receiving and
transmitting polarizations, respectively. Here, we have
ignored a systematic constant depending on the antenna gain,
transmitted wavelength, and permittivity and permeability of
free space [3]. The Kennaugh matrix is related to the scattering
matrix S as in [9], i.e.,
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K = A∗ (S ⊗ S∗ )A−1

(2)
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where “⊗” and superscript “∗” symbolize the standard
Kronecker matrix product and complex conjugate, respectively,
and A is the Kronecker expansion matrix.
It should be noted that in the backscattering case, for most
natural targets, reciprocity holds; therefore, the scattering matrix is symmetric. Thus, the Kennaugh matrix defined in (2) is
real and symmetric.
When considering a completely polarized wave, the normalized Stokes vector has the form
⎡
⎤
1
⎢ cos(2ϕ) cos(2χ) ⎥
G=⎣
(3)
⎦.
sin(2ϕ) cos(2χ)
sin(2χ)
Here, ϕ and χ denote the orientation and ellipticity angles of
the polarization wave, respectively.
According to the Cauchy inequality, the backscattered power
in (1) satisfies
√
2
1
KGt 2 .
(4)
P ≤ Gr 2 KGt 2 =
2
2
Here,  2 denotes the two-norm of vectors, e.g., the vector
length in Euclidean space.
Since the spectral norm of matrices is compatible with the
two-norm of vectors [10], the above inequality becomes
√
√
2
2
KGt 2 ≤
Gt 2 Kλ = Kλ
(5)
P ≤
2
2
where  λ represents the spectral norm of matrices. As the
Kennaugh matrix is real and symmetric, its spectral norm
is equal to its maximal or first eigenvalue [10]. This means
that the first eigenvalue of a target’s Kennaugh matrix is
the supremum of the optimal received power from the target. The equality can only be achieved when the scattered
wave represented by KGt is completely polarized. In that
case, the maximum received power can be obtained if the
Stokes vectors of both transmitting and receiving polarizations
are set to be identical to the eigenvector of K for its first
eigenvalue.
III. C ROSS -S TEP I TERATION M ETHOD
The cross-step iteration method basically uses the Cauchy
inequality to construct a transmitting/receiving polarization for
a given receiving/transmitting polarization state to achieve a
maximal (or minimal) received power.
Let us rewrite the Stokes vector of transmitting and receiving
polarizations as
Gr = [1 r1

r2

r3 ]T

Gt = [1 t1

t2

t3 ]T

with
r12 + r22 + r32 = 1

t21 + t22 + t23 = 1

(6)

where the superscript T denotes transpose.
For a given transmitting polarization state Gt , if we record
A = KGt = [A0 A1 A2 A3 ]T , then the received power is
P = Gr · A/2 = (A0 + r1 A1 + r2 A2 + r3 A3 )/2.

(7)

Applying the Cauchy inequality, we can get

P ≤ A0 + A21 + A22 + A23 /2.

(8)

The equality can be achieved only if
ri = Ai / A21 + A22 + A23 ,

i = 1, 2, 3.

(9)

At the same time, the received power has a lower bound

P ≥ A0 − A21 + A22 + A23 /2.
(10)
The equality can be achieved only if
ri = −Ai /

A21 + A22 + A23 ,

i = 1, 2, 3.

(11)

On the other hand, the received power can be rewritten as
P =

1
Gt · KGr .
2

If we record B = KGr = [B0
can be rewritten as

B1

(12)
B2

B3 ]T , then (12)

P = Gt · B/2 = (B0 + t1 B1 + t2 B2 + t3 B3 )/2.

(13)

Once the receiving polarization state Gr is fixed, similarly,
the maximal received power can be achieved only if the transmitting polarization state satisfies
ti = Bi /

B12 + B22 + B32 ,

i = 1, 2, 3.

(14)

At the same time, the minimal received power can be
achieved under the condition
ti = −Bi / B12 + B22 + B32 ,

i = 1, 2, 3.

(15)

The cross-iteration method for the optimal received-power
problem can be summarized in the following steps.
1) The method starts with an initial H or V polarization
as the transmitting polarization state, e.g., H polarization
(0)
(0)
(0)
with Gt = [ 1 t(0)
t2
t3 ]T = [ 1 1 0 0 ]T .
1
(n)
(n)
(n)
2) Knowing Gt = [ 1 t(n)
t2
t3 ]T , we consider
1
(n)
the maximization problem max(Gr · KGt ). From the
above discussion, we know that if the receiving polariza(n+1)
(n+1)
(n)
is set as (9), (Gr
· KGt ) can achieve
tion Gr
the maximum.
3) When the receiving polarization is known, the optimal
received-power problem becomes finding an appropri(n+1)
ate transmitting polarization Gt to maximize (Gr
·
KGt ). Again, the solution is to have the transmitting
(n+2)
polarization Gt
defined as (14).
3
(n+2)
−
4) The cross-step iteration will stop if
i=1 |t
3
(n)
(n+1)
(n−1)
t | ≤ ξ and i=1 |r
−r
| ≤ ξ are both true.
Here, ξ is a predefined indefinite positive number, e.g.,
ξ = 1.0 × 10−5 . At that time, the received power comes
to a local maximum.
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Fig. 1. AIRSAR L-band data over Flevoland region, The Netherlands. The
false-color image is derived by assigning |Shh − Svv |2 /2, 2|Shv |2 , and
|Shh + Svv |2 /2 as RGB channels, respectively; here Shh , Shv , and Svv are
the elements of the scattering matrix S, and | | represents the module of a
complex number. Nine AOIs belonging to five land-cover classes were drawn
manually by referring a land-cover ground-truth map.

5) Repeat steps 1–4 with V polarization as the initial trans(0)
(0)
(0)
mitting polarization, e.g., Gt = [ 1 t(0)
t2 t3 ]T =
1
[ 1 −1 0 0 ]T . Then, another local maximum will
be obtained. The larger of these two local maxima is
the final maximal (global maximal) received power, and
the corresponding transmitting and receiving polarization
states will be recorded.
Similarly, cross-step iteration steps can be formed to calculate the minimum received power.
IV. E XPERIMENT AND D ISCUSSION
To demonstrate the validity of the proposed new method,
an experiment was conducted with AIRSAR L-band data.
In the experiment, the optimal received power of different
terrain-cover types was calculated with three methods: the
proposed cross-step iteration method, the systematic method,
and a widely used computation method. The systematic method
calculates and compares the received powers for various transmitting and receiving polarizations using the polarization orientation ϕ and the ellipticity angle χ sampled at intervals of
0.1◦ . The widely used method first calculates the eigenvalues of
the Graves or polarization power scattering matrix, then forms
the cross-polarization ratio associated with the eigenvalue,
and, finally, starts gradient-descend-optimization iterations to
calculate the maximal received power with an initial Stokes
vector based on the polarization ratio. This method seems more
computationally efficient than the aforementioned method with
solving a sixth-order polynomial equation. It will be called the
Schuler method hereafter since the algorithm was presented in
detail by Schuler and Lee [11]. However, in truth, the principle
of this method had been discussed earlier by Boerner et al. [1].
The AIRSAR data used in the experiment is a quadpolarized image over an agricultural region in Flevoland, The
Netherlands, acquired in August 1989. The image has been
multilook-processed and has a pixel size of about 12 × 12 m.
Nine areas of interest (AOIs) belonging to five different landcover types were selected (see Fig. 1). For each AOI, the mean
coherence matrix is estimated. Then, the maximal received

power for each AOI is calculated using the cross-step iteration
method, the systematic method, and the Schuler method, respectively. The result is shown in Table I. As a comparison, the
first eigenvalue of the corresponding mean Kennaugh matrix
of each AOI is listed at the last column of Table I. The first
eigenvalue is larger than the maximal received power for every
AOI. The cross-step iteration method gives nearly the same
maximal received power as the Schuler method for all terraincover types. The two both derive a little larger optimal received
power than the systematic method. The reason is that the
polarization orientation and ellipticity angles corresponding to
the maximal received power derived by the two methods may
not be achieved by a 0.1◦ sampling interval for polarization
orientation and ellipticity angles in the systematic method.
Table I also lists the number of iterations and the computation
time used by the three methods. Because the cross-step iteration
method and the Schuler method needed only a small number
of iterations, the computation time used for each AOI alone
was too short to be measurable. Alternatively, the aggregate
time consumed for the nine terrain-cover types is listed for
these two methods. Obviously, the systematic method needed
many more iterations and longer computation times, which are
directly related to the specified sampling intervals of ϕ and
χ angles. Increasing the step length will decrease both the
number of iterations and the computation time, but may not
achieve the desired accuracy. Table I indicates that a 0.1◦
sampling interval is a good choice and brings out very accurate
maximal received power. Compared with the Schuler method,
the cross-step iteration method requires a similar number of
iterations for every AOI but saves 34% of computation time to
derive the maximal received power for the total nine AOIs. The
main reason is because the Schuler method involves calculating
the eigenvalues of the Graves matrix before starting iteration,
whereas the cross-step iteration method does not need this
extra process. More importantly, the Schuler method can only
work out the maximal received power, whereas the cross-step
iteration method can work out both the maximal and minimal
received powers. This will be explained in detail in the next
paragraph.
A polarimetric SAR transmits a completely polarized electromagnetic wave, which, being scattered off a distributed
target, results in a partially polarized scattered wave [6]. A
partially polarized wave can be considered as the superposition
of a completely polarized wave and an unpolarized wave. The
received power from the completely polarized component can
be optimized by adjusting the receiving polarization, but the
antenna will always receive half the available power from
the unpolarized component, irrespective of the polarization of
the receiving antenna [1]. Therefore, the maximum received
power will be reached when the received power from the
completely polarized part of the backscattered wave is maximized. For the completely polarized case, the maximum received power is achieved when the transmitting and receiving
antennas are identical and equal to the eigenvector of the Graves
matrix corresponding to the maximal eigenvalue [3]. Therefore,
generally, to maximize the received power, the transmitting and
receiving polarizations have to be the same. This implies a
favorable prerequisite for the maximal polarization problem,
which has been taken advantage of by both the Schuler method
and the method with solving a sixth-order polynomial equation.
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TABLE I
M AXIMAL R ECEIVED P OWERS C ALCULATED BY T HREE D IFFERENT M ETHODS AND THE F IRST E IGENVALUE
OF THE C ORRESPONDING K ENNAUGH M ATRIX FOR N INE S ELECTED AOI S IN F IG . 1

TABLE II
T RANSMITTING AND R ECEIVING P OLARIZATIONS C ORRESPONDING TO M AXIMAL R ECEIVED P OWERS C ALCULATED BY T HREE D IFFERENT
M ETHODS . T HE U NIT I S IN D EGREES ; S UBSCRIPT “ T ” D ENOTES T RANSMITTING , W HEREAS “ R ” D ENOTES R ECEIVING

TABLE III
M INIMAL R ECEIVED P OWERS W ITH C ORRESPONDING T RANSMITTING AND R ECEIVING P OLARIZATIONS D ERIVED
W ITH THE C ROSS -S TEP I TERATION M ETHOD , AND T WO D ERIVED PARAMETERS

Table II lists the transmitting and receiving polarization angles
corresponding to the maximal received power calculated with
the three methods. Although the condition that the transmitting
polarization should be equal to the receiving polarization is not
a prerequisite for cross-step iteration and systematic methods,
this condition is actually being precisely obeyed by the two
methods, as shown in Table II. However, such a specific relationship between the transmitting and receiving polarizations
does not exist when the minimal received power is considered. Therefore, it is impossible to give an analytic closedform solution for the minimum received power problem. This
is why the Schuler method can only work out the maximal
received power. For the same reason, Touzi et al. [4] derived the

minimal received power based on some assumptions about the
relationship between minimal and maximal received powers,
rather than directly calculated this value.
The minimal received power can also be efficiently calculated with the cross-step iteration method. Table III shows the
minimal received power and the corresponding transmitting
and receiving polarizations calculated with this method. We
cannot see a clear relationship between the transmitting and
receiving polarizations over which the minimal received power
is achieved. As discussed earlier, the first eigenvalue of the
Kennaugh matrix can be interpreted as the total available power
in the backscattered wave before it reaches the receiver. The
maximal received power that we have calculated represents
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the maximal receivable power from the polarized component
of the backscattered wave plus the received power from the
unpolarized component, which is always half of the available
power in the unpolarized part. The minimal received power,
of course, is from the unpolarized part of the backscattered
wave. The last column of Table III indicates that the sum of
the maximal and minimal received powers is nearly equal to
the first eigenvalue of the Kennaugh matrix, which supports the
above interpretations. Therefore, we can define the following
parameter, named as Dp, to describe a target’s ability to generate an unpolarized component in the scattered wave:
Dp = (λ1 (K) − Pmax ) /λ1 (K)

(16)

where λ1 (K) is the first eigenvalue of the Kennaugh matrix,
and Pmax is the maximal received power. In comparison, we
introduce the fractional polarization defined in [13], which is
highly correlated with the degree of polarization of the scattered
wave, i.e.,
F = (Pmax − Pmin )/(Pmax + Pmin ).

(17)

The three parameters Pmin , Dp, and F have similar implications. The minimal received power is the pedestal height of
the polarization signature graphics for a target [1], which is due
to spatial variations in the observed scattering properties and
can be interpreted in terms of the presence of an unpolarized
component in the return wave [2]. A small pedestal height
(small minimal received power) means that there is a large
amount of a polarized component in the scattered wave, which,
thus, corresponds to a small Dp. The large polarized part of the
return wave means that variations in the antenna polarization
(receive or transmit) will cause relatively large variations in the
received power; therefore, the fractional polarization F is large.
With the pedestal height increasing, Dp becomes larger, and F
becomes smaller.
Among the five land-cover types, water has the smallest
minimal received power. This may be explained by the Bragg
scattering of the sea surface at large incidence angles (the
far range where the AOI H location has an incidence angle
of 58◦ ), which is characterized by a low polarimetric entropy
and, thus, by a low unpolarized backscattered energy [14]. The
much larger minimal received powers from forests and potato
fields indicate that there exist considerable variations of the
scattering properties among the observed elementary scatterers.
The volume scattering of the forest canopy and potato stems and
leaves may cause a significant portion of unpolarized return,
which accounts for the very large Dp and very small fractional
polarization F . Rapeseed and winter wheat show similar features in all parameters. Although the three parameters carry
consistent implications, the relative dynamic range of Dp is
the largest. This suggests that Dp is very sensitive to the
variations of scattering properties and can better characterize
the scattering process of the illuminated target.
V. C ONCLUSION
This letter has proposed a numerical method to calculate
the maximal and minimal received powers for a target from

polarimetric SAR data. The method has been validated by an
experiment based on an AIRSAR L-band image. In comparison with widely used computation methods, e.g., the Schuler
method based on the eigenvalues of the Graves matrix, the
proposed cross-step iteration method is more computationally
efficient. More importantly, the cross-step iteration method
can derive both the maximal and minimal received powers
directly, whereas many other analytic-solution-based methods,
including the Schuler method, can only calculate the maximal
received power.
This letter has analyzed the relationship between the first
eigenvalue of the Kennaugh matrix and optimal received powers. A parameter defined as the relative difference between
the first eigenvalue and the maximal received power has been
proposed to account for the ability of a target to generate an unpolarized return wave. The parameter has been found to be very
sensitive to variations of scattering properties and, therefore,
could be useful for terrain-cover-type discrimination. Further
studies are needed to quantitatively evaluate the potential and
limits of the maximal and minimal received powers and the
derived parameters under different radar frequencies for target
recognition and terrain discrimination.
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