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Abstract
The slender structures are identiﬁed by a distinctive morphology and large aspect ratio. Contrary to most of the common products, the
fabrication of slender structures is usually based on forming operations. For complex shapes; however, machining may be required.
Characteristic of machining for a slender structure; however, is the very small ratio of sustained material with respect to the machined
material. This paper describes a novel approach to fabricate slender structures using laser-based direct metal deposition (LBDMD) in a
layer-by-layer fashion such that the thickness of each layer is inﬁnitesimally small. The existing additive layer-by-layer deposition is
guided by 212 axis movement and is characterized by intermittent steps. The proposed method, on the contrary, is similar to continuous
casting such that the layer thickness can be considered inﬁnitesimally small.
The paper develops a framework for fabrication of slender structures using LBDMD. An algorithm based on geometric reasoning is
proposed. Simulations based on Volume Of Fluid (VOF) method and a set of experiments are performed to determine and control
various key process parameters. Simulations and experiments performed to determine the a relationship between the material ﬂow rate
and corresponding body forces that act on the molten pool as the inclination of substrate changes.
A range of complex geometries that are based on linear as well as nonlinear spatial trajectories are fabricated. The fabricated
geometries offer different inclinations as well as material ﬂow rate; hence, support the applicability of proposed method.
r 2006 Elsevier Ltd. All rights reserved.
Keyword: VOF; LBDMD; Slender structure; Layered structure; Multi-directional deposition; Silhouette curve

1. Introduction
Slender structures are identiﬁed by a large ratio between
the longitudnal and lateral dimensions. Some of the
industrial parts such as structures for aerospace application, aircrafts etc., may be classiﬁed as slender structures.
Most of the slender structures start with a near net shape of
the ﬁnal part followed by the specialized machining and
treating to fabricate the desired shape. The fabrication
of slender parts; therefore, requires very a specialized
machining setup. The small scale manufacturing of slender
parts becomes an expensive and time-consuming venture.
The small-scale fabrication of slender parts involves
shaping operations characterized by the removal of a large
amount of material to achieve the desired shape. The research
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work presented in this paper suggests a technique based on
the laser-based direct metal deposition (LBDMD) along
multiple axis. The multiple axis metal deposition allows the
fabrication of a wide range of complex geometries. Fig. 1
elaborates the method for the fabrication of the slender parts
using the laser based direct metal deposition.
The LBDMD is a module of the MultiFab system under
development at RCAM, Southern Methodist University,
which integrates additive and subtractive manufacturing
technologies. The fundamental scheme of LBDMD as
described in Fig. 1 includes the delivery of metal powder in
a molten pool formed by focusing a continuous wave
multi-mode Nd:YAG laser onto a metallic substrate. An
inert gas such as Argon acts as the carrier medium for the
metal powder as well as protects the molten pool from the
surrounding atmosphere. The metal powder melts and
adheres to the substrate or the underlying deposit. The
fabrication of slender structures is done by the growth of
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Fig. 1. System for laser-based direct metal deposition.

the part along the direction normal to the molten pool
front. The dimensions of the deposition, therefore, depend
on the size of the molten pool. A desired geometry is
obtained by the relative spatial motion of the substrate and
the metal deposition head. The metal powder delivery is
controlled by a set of powder feeders. A wide range of the
blend of the metal powder composition is obtained by
the control of the rate of the metal powder feed from the
powder feeders.
The size of the deposition can be controlled by using a
set of parameters that includes the laser power, the powder
ﬂow rate, etc. It is difﬁcult, however, to manipulate the
shape of the molten pool. As described earlier, the slender
structure is obtained by part growth along the normal pool
front; therefore, the geometry of the molten pool determines the cross-section geometry of the slender structure
and, hence, the shape of the structure. In this research, the
smaller or the lateral dimension refers to the size of the
molten pool that depends on a number of parameters.
In most of the 212 layered deposition methods, a layer of
ﬁnite thickness that is characteristic of the process is
deposited. Next, the deposition process is interrupted, and
the deposition head moves by a distance along the growth
direction in the increment of layer thickness, and then
deposition for the next layer starts. A sequence of these
steps continues until the top layer is reached. The suggested
approach, on the other hand, is similar to the continuous
casting. The rate of metal addition and the solidiﬁcation is
done in a coordinated fashion such that, the requirement
for deposition process interruption is eliminated. For all
practical purposes, the thickness of each layer can be
assumed to be inﬁntesimally small, expressed as
Dz ¼ limDt!0 vlaser Dt,

(1)

where Dz is the inﬁnitesimal height of a layer, Dt
corresponds to the time interval, and vlaser is the speed of
the metal deposition head.
A detailed account and the advantages of maintaining
the inﬁnitesimal thickness is explained in the later sections.
The part accuracy, the reduction in the post processing
steps, and the subsequent material wastage are the key
issues to fabricate a functional part by Solid Freeform
Fabrication (SFF) techniques. Recent approaches for rapid
prototyping assisted by CNC machines [1,2], and robot
[3–7] have inspired to look forward to the multi-directional
deposition for SFF. Contrary to most of SFF techniques
that are based exclusively on the 212-axis planar layer
deposition approach, the multi-directional approach offers
many advantages. The promising results of the laser-based
metal powder deposition allows for a material deposition
along multiple directions [8–10] and the control of material
deposition volume and geometry using different parameters to provide more ﬂexibility, hence, a new direction
for direct metal deposition to expand.
Many researchers have described different approaches
for the multi-directional material addition for a part
fabrication. Singh et al. [7,11] suggested a progressive
decomposition of the part into sub-volumes, each of which
can be completely built along a certain direction in layers.
The elimination of the support requirements, though
minimized, cannot be established for all the geometries
using this approach. Double-sided layered manufacturing
suggested by McMains [12], eliminates the support
structure requirement by dividing the part geometry along
the parting line, adding material along one direction,
ﬂipping the part, and adding material along the second
direction. The method of double-sided layered manufacturing applies to a large class of geometries; however, in
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intermediate steps, inherent to this method are the human
interventions and possible errors due to ﬁxturing. The use
of laser chemical vapor deposition (LCVD) and the
subsequent process planning based on the use of geometric
primitives allows the building of conformal layers [13]. The
geometric primitive based process planning and deposition
for LCVD, however, is limited to the process.
In a traditional 212-axis planar layered deposition, the
slicing of a branching and overhanging structure may yield
disconnected islands. The islands usually require supporting structures. A large number of disconnected path
elements for different islands render more turning points
and path elements, the removal of support structures in the
post processing steps adds another set of analysis and
planning; therefore, the total time and process complexity
is increased.
One of the limitations that may be attributed to the
suggested process includes the possible inaccessibility
of all the points of a part due to the part geometry. The
limitations while governed by the geometry and the
material deposition technique employed, depend on the
orientation of the part. The choice of a suitable order for
the deposition of the layers can eliminate the problems
associated with the inaccessibility. A detailed discussion of
the method is beyond the scope of this paper; however, the
details can be found in a set of papers by the authors
[9,10,14].
The key issues associated with the fabrication of slender
structures using LBDMD are:
1. The layer thickness is an inﬁnitesimal order, and the
deposition is a continuous process, governed primarily
by the relative velocity of the metal deposition head and
the molten pool.
2. Most of the slender structures follow a complex space
trajectory and, therefore, during the deposition process,
the underlying support substrate may not be available
for all the regions of the slender structure.
3. The geometry of the slender structure is strongly
attributed to a set of multiple process parameters that
must be controlled suitably.
4. A speciﬁed size of the molten pool can support itself by
the surface tension; however, the rate of growth of the
molten pool must be in an optimal range.
The process planning in the later parts of paper, seeks to
address the above-described issues. The ﬁrst part of the
paper investigates the process parameters and their
inﬂuence on the deposition. The paper also describes an
analytical model for the growth of a part, the inﬂuence of
the rate of metal addition on the rate of part growth, the
effect of the gravity vector and surface tension, and the
inﬂuence of the interface inclination on the deposition.
Second, a geometry-based process modeling is described.
The algorithm developed on the basis of the model and
geometric reasoning and the process planning for the
implementation is described in the later section. The paper

concludes with an elaborated discussion of the experimental results.
2. A model for SFF based on the LBDMD for slender
structures
We develop in this section a formal model for the
fabrication of slender structures using the LBDMD
process.
2.1. Definition of a solid
A solid S deﬁned in a three-dimensional (3D) Eucledian
space is a closed subset of R3 such that it is identiﬁed by its
interior deﬁned as pAS and its exterior, peS, is the
complement. The boundary of the solid is deﬁned by the
region p 2 qS  S that is the subset of solid where any
neighborhood contains non-members.
2.2. Solid as an approximation of layered structure
As described earlier in the SFF method, a part is
fabricated by layered deposition of material. The layer
exhibits a uniform cross-section. A mathematical model for
the layer can be described as the sweep of the area A along
the vector v^g where the subscript g corresponds to the
growth direction.
Let us deﬁne the fabrication of the part by SFF as a set
of entities swept along a growth direction:
n

P ¼ [ Ai  v^g ,

(2)

i¼1

where  represents the Minkowski sum and Ai  v^g is the
translation of ith cross-section Ai along the vector v^g .
For a multi-directional deposition, the growth direction
vector is different for different regions; therefore, the above
model is expressed as
n

m

Pmultidirection ¼ [ [ Aj  v^i ,
i¼1 j¼1

(3)

where the variables m and n correspond to the number of
layers and the number of regions with distinct growth
vectors, respectively.
The above representation, however, may be modiﬁed for
the SFF for the slender structures. A slender structure of a
varying cross-sectional area can be fabricated using this
technique. The cross-sectional area of the structure can be
varied by changing the process parameters.
The inﬁnitesimal volume of material that is added onto
substrate in a small amount of time is given by
DP ¼ AðtÞvlaser ðtÞDt,

(4)

where A(t) is the cross-sectional area of the deposit at the
time instant t, vlaser(t) is the velocity of the deposition head
at time instant t.
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2.3. Generalized cylinder
The generalized representation (Fig. 2) of a solid implies
the object representation by a set of two arbitrary curves.
The ﬁrst curve is a cross-section (A(u)), deﬁned by a planar
closed 2D contour enclosing a ﬁnite area. The second curve
is an axis curve, (C(u)) which is a 3D trajectory in the E3.
The u refers to a parameter that varies as
iumin pi upi umax

(8)

such that the input (C(u)) implies an afﬁne transformation
of the section as a function of the parameter u. Parameter i
is identiﬁed by the distinct region being represented by the
generalized cylinder. The solid is expressed as an inﬁnite set
of tuples gj ¼ /pj, vjS, where a point v ¼ (x, y) in the (C(u))
is mapped to p, a point in the volume domain, expressed as
gðuÞ ¼ CðuÞ þ AðuÞ  eðuÞ,

Fig. 2. Generalized cylinder parametric u-coordinates and Frenet Frame.

For a subregion of the part being fabricated, the solid
generation is expressed by
Z

umax

P¼

AðuÞ du,

(5)

u0

where u refers to the axial parametric coordinate along
the longitudnal direction (Fig. 2). A(u) expresses the area as
a function of the parametric coordinate. The u0 and
umax refer to the initial and ﬁnal coordinates along the
parametric axis. We may attribute the Frenet Frame or a
local coordinate system at the point where the metal
deposition takes place (Fig. 2).
The fabrication of a solid having branches can, therefore, be expressed by
Pb ¼

b Z iumax
X
i¼1

Ai ðuÞ du,

(6)

i u0

where Pb is the branched solid, and b is the maximum
number of branched subregions in the solid. For the actual
implementation, we may attribute time as a parameter for
the parametric coordinate u at an instant t, such that
uðtÞ ¼ f ðpÞd t 

p
X

!
Dtj ,

(7)

j¼0

where p is a time interval over which the process
parameters are constant, and f(p) is the function representing parametric curve. The d() is the impulse function. The
primary idea is to fabricate a part by dividing the
fabrication process into a set of time steps in order to
generate a CNC code.

(9)

where eðuÞ ¼ ð^ex ðuÞ; e^y ðuÞÞ corresponds to the Frenet
Frame, a local coordinate system in the 3D space.
The solid, therefore, is expressed as


GðuÞ ¼ g1 ; g2 ; . . . .
(10)
The Frenet Frame (Fig. 2) is determined by the
instantaneous tangent vector of the trajectory curve. Let
the trajectory curve be expressed in terms of the parameter
u as
CðuÞ ¼ C x ðuÞ^e1 þ C y ðuÞ^e2 þ C z ðuÞ^e3 ,

(11)

where e^2 ðuÞ; e^2 ðuÞ and e^3 ðuÞ are obtained as
CðuÞ0
,
CðuÞ0 

(12)

e^1 ðuÞ  CðuÞ00
,
e^3 ðuÞ ¼ 
e^1 ðuÞ  AðuÞ00 

(13)

e^2 ðuÞ ¼ e^3 ðuÞ  e^1 ðuÞ.

(14)

e^1 ðuÞ ¼ 

The process of metal addition is viewed as the traversal
of the metal deposition head along a trajectory (the tool
path) by an area (the shape of molten pool) to generate the
layer as a combination of the generalized cylinders. The
trajectory deﬁned by the tool path is a set of piecewise
linear and non-linear functions.
3. Steps of process planning
The process planning steps to fabricate a slender
structure start with the computer model of the part. Then
the morphological skeleton of the part is extracted. The
extraction of skeleton from its computer model is relatively
complex and time consuming process for many solids;
however, for the slender structures it is relatively simple
and accurate. Owing to the geometrical morphology of the
part, the step for the extraction of the skeleton from the
solid model of the part may be eliminated, and the part
may be expressed directly as a space trajectory.
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In the second step, the spatial trajectory is subdivided
into different regions, and the orientation vectors for each
region is determined. The hierarchy of the order of regions
to be fabricated is assigned in the next step. In the ﬁnal
step, machine inputs are generated for the coordinated
orientation of the substrate and the metal deposition head.
3.1. An analytical model for the growth at the interface
during part build and the influence of parameters
The geometry of the slender part fabricated by the
LBDMD process depends on various factors such as the
relative orientation of the molten interface with respect to
the metal deposition head and the size of the molten
interface. There are two different ways to deposit the metal.
The ﬁrst method suggests the orientation of the substrate
such that the molten metal is supported by the material
underneath. For the metal deposition technique based
on the provision of the substrate underneath the layer
added at the instant, a mathematical relationship may be
expressed as
n^ a  g^ ¼ 1
such that Dx ¼ 0; Dy ¼ 0; Dz ¼ layer height;

ð15Þ

where n^ a is the unit normal vector for the instantaneous
area of the slice. The g^ is the unit vector along the gravity
axis. The reorientation of every layer is done in such a way
that the layer being deposited is supported by the previous
layer.
In the second approach, there is no requirement for the
support structure underneath. Eq. (16) describes the metal
deposition taking place along an arbitrary orientation:

fabricate complex shapes to address the issues pertaining
to:
1. Accessibility.
2. Deposition rate.
One of the main advantages of sustaining the molten
interface over the entire deposition process is the uniformity of microstructure and fully dense structures.
3.2. An analytical model for the interface growth on slender
structures
Similar to most of the 212-axis deposition methods, the
slender structures are formed by generating a molten
volume, then adding metal powder to the molten volume;
however, the part growth is a continuous process. The
desired shape of the slender structure is obtained by the
relative orientation and relative motion of the molten
volume and the stream of metal powder.
A set of forces act on the molten volume of metal.
Depending upon the orientation of molten metal volume
and the supporting substrate, the forces may aid in
detaching or retaining the molten metal onto the substrate.
The forces are listed down as [15] follows:








gravitational force (Fg),
aerodynamic drag force (Faero),
intertial force (Fin)
Marangoni effects due to ﬂow inside the molten volume
(Fmar)
surface tension (Fg)
vapor jet force (FV jet)

^ 1
1Xn^ a  g4
such that Dx ¼ 0; Dy ¼ 0; Dz ¼ layer height.

ð16Þ

The inﬂuence of gravitational force on the metal powder
particles is negligible compared to the aerodynamic drag of
carrier gas. This drag provides a characteristic ability to
shoot material in LBDMD along any direction. The
deposition of material is controlled such that the support
requirement for overhanging structures can be avoided.
The force due to surface tension, acting on the molten pool,
can counter the gravitational force. However, the accessibility of the point of metal deposition is limited by the
conﬁguration and geometry of the substrate-holdermanipulator, and the metal deposition head. Also, due to
the mode of powder delivery, the probability of the metal
powder to reach the molten pool is more in the domain,
^  1; however, the part recorresponding to 0Xn^ a  gX
quires a suitable orientation in order to deposit metal.
Therefore, the process planning, primarily, focusses for the
^  1 such that DxX0, DyX0,
domain deﬁned by 0Xn^ a  gX
DzX0.
The approach for fabrication of slender structures using
the LBDMD process combines different methods to

The order of the force due to inertia and the Marangoni
effects is much smaller than other forces, therefore
neglected. The inﬂuence of various other factors has been
discussed in detail and may be found in a set of papers by
authors [16,17]. Of the set of forces, the gravitational Fg
and aerodynamic force Faero forces aid the detachment of
the molten metal volume when the substrate is inclined at a
non-zero inclination with respect to the gravity vector. The
force due to surface tension, on the other hand, prevents
the detachment. For a given inclination, a suitable rate of
metal deposition can be determined such that the forces
acting on the molten metal volume are balanced. We
performed a set of numerical simulations to estimate the
shape and size of the largest molten volume that can be
generated using a set of process numerical parameters.
A preliminary set of simulations were performed towards
the modeling of the growth of the molten pool using the
Volume Of Fluid (VOF) approach. The framework for the
implementation of the VOF is provided by FLOTRAN,
VOF [18]. The simulation results suggest the desired rate of
material deposition for a different size of the molten pool
and the inclination of the interface such that the force due
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to the surface tension can counter the gravitational force
acting on the molten metal as described in Fig. 1.
In the VOF approach, the evolution of a free surface is
expressed by

The continuous surface force is formulated into the
volumetric force by

qw !
þ U  rw ¼ 0,
qt

where /FS is averaged volume fraction across the
interface and ds is the surface delta function expressed as
 
d ¼ !
n  ¼ jrF j.
(23)

(17)

where w is the volume fraction of ﬂuid. The VOF approach
is based on the following assumptions:
1. A free surface refers to an interface between a gas and a
liquid where the difference in the densities between the
two is quite large.
2. Due to a low density, the inertia of the gas is usually
negligible.
3. The free surface is simply modeled as a boundary with a
constant pressure.
4. The location of free surface is determined based on the
concept of a fractional VOF.
5. A unity value of the volume fraction corresponds to a
full element occupied by the ﬂuid; a zero value indicates
an empty element containing no ﬂuid; whereas, a
fractional value corresponds to partial or free surface.
The implementation of the VOF in this work is done
using the Computational Lagrangian–Eulerian Advection
Remap-Volume of Fluid (CLEAR-VOF) algorithm described as:
Step 1: Move the ﬂuid portion of an element in a
Lagrangian sense.
Step 2: Compute how much of the ﬂuid remains in the
home element, and how much of it passes into each of its
neighboring elements.
The incorporation of the effect of surface-tension is done
using the continuous surface force method expressed by
!
f s ¼ skn^ þ rf s,
(18)
!
Where f s is the surface force, s the surface tension
coefﬁcient, k the surface curvature, n^ the unit normal
vector and rf the surface gradient. Determination of the
individual parameters is done using the following set of
relationships:
Surface curvature:
"
!
#
!
!
1
n
!
!  r  n   ðr  n Þ ,
(19)
k ¼ r  n^ ¼ !
n
n
Surface normal:
!
n
rF
n^ ¼ ! ¼
,
 n  jrF j

!
!
F
,
F s ¼ f s ds
hF i

(22)

s

The boundary conditions for the VOF analysis are
described in Fig. 3. The set of parameters used is as follows:




acceleration due to gravity (g) ¼ 9.81 m/s2,
molten metal density (r) ¼ 7000 kg/m3,

Fig. 3. The boundary conditions and the mesh. For the face 1 the velocity
components of ﬂow vx and vy are non-zero; whereas, for the rest of the
faces 2–9, the velocity components have zero values.

(20)

Surface gradient:
rt^ ¼ t^ðt^  rÞ,
where t^ is the unit tangent vector at the surface.

(21)
Fig. 4. The VOF simulation result for droplet formation corresponding to
the molten face inclination, y ¼ 451.
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the source of energy or a binding agent onto a layer of
material that has already been laid on a platform or the
previous layer. However, we can say that common to all
the methods is a time invariant ﬁnite amount of material
deposition over per unit time, expressed as
dm
¼ rAðvg ðtÞ  vlaser ðtÞÞZ,
(24)
dt
where dm/dt, vg(t), vlaser(t), r, Z and A correspond to the
metal deposited per unit time, velocity function of metal
gas mixture, velocity function of the movement of the
deposition/energy head, density of the powder ﬂow, the
volume factor of the gas powder in gas powder mixture,
and the lateral area of the molten pool, respectively.
The size of molten pool, in essence the diameter Dmp
depends mainly on the laser power P, the rate of deposition
of the volume of material V_ m , the relative velocity of the
instantaneous substrate and the metal deposition head, the
initial rate of volume ﬂow V_ init , and the g-vector !
g:
Fig. 5. The area of largest cross-section at the molten interface obtained
by simulation and experiment.

Table 1
Time before which ﬂow of molten metal starts for different inclination of
molten pool
Serial no./
parameter

Angle (y)
(rad)

Time (s)

1
2
3
4
5

p/12
p/6
p/4
p/3
5p/12

1.605
1.538
1.472
1.431
1.390

Area (mm2)

6.420
6.252
5.788
5.624
5.560

Measured
area (mm2)
5.44
5.4
4.37
4.35
3.21

V_ m ¼ ZðdÞV_ init ,

(25)

where Z(d) is a factor that determines the fraction of actual
metal powder that reaches to the molten pool, and depends
on the distance between the metal powder exit point and
the distance of the exit point from the molten pool.
The rate at which the metal deposition V_ dep onto the
substrate takes place is given by
V_ dep ¼ V_ m pDmp .

(26)

A set of experiments, explained in the later sections, are
performed towards the estimation of the inﬂuence of the
parameters.
3.4. System used for LBDMD




coefﬁcient of viscosity (m) ¼ 5.7,
molten face inclination angle (y) ¼ 451.

The simulation results exhibit a correlation between
the rate of metal deposition and the angle of inclination
of the interface. Fig. 4 depicts the molten pool formed
by the VOF simulation for the above-described set of
parameters. However, due to various limitations attributed
to the modeling tool, there is a difference in the simulation
and the experimental observation.
Fig. 5 describes a plot of the area obtained by simulation
and experimental measurement summarized in Table 1. The
areas correspond to the largest cross-section area along the
molten interface before the dripping of metal starts.
3.3. Parameters affecting the size of molten pool and the
part growth
The material deposition in SFF methods is a sequential
time dependent process. The material deposition head
follows a spatial trajectory and delivers the material. Yet
another set of SFF processes are based on the traversal of

The process planning is implemented on a multiple
degree of freedom machine, MultiFab being developed at
the Research Center for Advanced Manufacturing
(RCAM), at Southern Methodist University. MultiFab
provides a high concentration of a variety of material
deposition and machining processes for the fabrication and
repair of parts. A more detailed description of the system is
available in [19]. A 5-axis CNC machine with a 16-tool tool
changer is used for intermediate and/or ﬁnal machining of
the part. The support platform that holds the substrate is a
4-axis manipulation table consisting of a rotary and tilt
axis as well as two perpendicular linear stages. A further 5th
axis is provided by the vertical movement of machining
head. The schematic ﬁgure of the machine kinematics is
explained in Fig. 1. The metal deposition head is mounted
at the end effecter of a 6-axis robot and is manipulated in
the space for multi-axis metal deposition. The LBDMD
process is characterized by the ability to build ﬁner
geometrical features with a smaller heat-affected zone, less
porosity, multiple material deposition, better control of the
material properties, and the possibility to deposit metal
powder in any direction.

ARTICLE IN PRESS
R. Dwivedi et al. / International Journal of Machine Tools & Manufacture 47 (2007) 1246–1256

3.5. Derivation of the machine kinematics based on the part
geometry

1253

3.6. Decomposition of a slender solid into subregions

where the Mtrans is the cumulative transformation matrix
that relates the molten metal front to the global coordinate
system. For, global coordinate system expressed by CG, the
cumulative transformation matrix is obtained by the
following relationship:

A large class of slender structures comprise of the
piecewise linear nature of parametric curve for the skeleton
curve. In this section, we introduce a method to reduce the
number of process variables. The method divides a solid
into a set of subregions. Each subregion is identiﬁed by a
vector, such that the values yM and fM as described in the
previous sections are held constant. The relative orientation of the surface normal of the part allows the
classiﬁcation of different regions of any solid into front-,
back- and monotone-region [9]. The regions on the part
surface are classiﬁed as front-facing, back-facing, and nonmonotonic with respect to a given direction vector, referred
to as a growth vector, and the normal vector according to
the following criterion:
Case 1: Surface S is classiﬁed as the back-facing region if
^
r^  nðpÞo0
for all pAS.
Case 2: Surface S is classiﬁed as the front-facing region if
^
r^  nðpÞX0
for all pAS.
Case 3: Surface S is classiﬁed as non-monotonic if S
includes both front-facing and back-facing points.
The front-facing, back-facing, and non-monotonic surfaces are bounded by the silhouette curves of the surfaces
with respect to the r^-vector. The silhouette curve is the
curve formed by all the points p, for which the surface
normal vector at the point is orthogonal to the direction
vector expressed mathematically as

M trans ¼ AG2 A23 A34 . . . ,

^ ¼ 0.
r^  nðpÞ

The metal deposition is primarily governed by the
orientation and location of the molten metal front.
A parametric coordinate system may be attributed to the
molten metal front. The location and orientation of
the molten metal front is governed by the tilt along tilt
axis (yt), the rotation along the rotational axis (fr) and
displacements along the x, y, and z (see Fig. 1). Key to
uniform deposition is the suitable control of the machine
kinematics and the process parameters. For a geometry
G(u) deﬁned by the parameter u for the generalized
cylinder, the machine parameters are obtained by the
following relationship:
0

xðuÞ

1

B yðuÞ C
C
B
C
B
B zðuÞ C ¼ M trans GðuÞ,
C
B
B y ðuÞ C
@ t A
fr ðuÞ

(27)

(28)

where Aij corresponds to the transformation matrix of a
reference system j with respect to i. The extreme values, the
possible collision, and the limited work envelope of the tilt
and rotary axis may not allow the fabrication of very
complex parts; however, by introducing the robot as a
manipulator for the metal deposition head, it is possible to
make more complex parts. The relative orientation of the
metal deposition head and the table for the substrate,
allows the introduction of another set of conﬁgurations.
Let us attribute a coordinate system CM, characterized by a
set of parameters xM, yM, zM, yM and fM, to the focus
point of the metal deposition head. Then the coordinate
system CG is expressed by
1
xM
By C
B MC
C
B
z C
C G ¼ AGM B
B M C,
By C
@ MA
fM
0

(29)

where the matrix AGM depends on the relative conﬁguration of the focal point of metal deposition head and
the absolute coordinate system. Hence, the variants of
the AGM enhance the total number of possible conﬁgurations.

(30)

The silhouette contour may consist of one or more
closed curves [9]. For well-deﬁned freeform surfaces, the
normal vector, and, hence the silhouette curve is well
deﬁned. The sharp edges of the solid model correspond to
the locus of all the points for which the gradience of the
direction vector is undeﬁned. Along the sharp edges of the
solid model, however, the surface normal vector is
undeﬁned. All the sharp edges that have a front-facing
region and a back-facing region or vice-versa adjacent to
them are also included in the set of silhouette curves.
A silhouette curve is further subdivided into a set of edges
classiﬁed as a convex boundary silhouette edge and
concave boundary silhouette edge [9]. The convex boundary silhouette edge is the silhouette curve formed along a
continuous convex surface such that the surfaces adjacent
to the edge satisfy the order back-facing-front-facing
along the vector r^. Similarly the concave boundary
silhouette edge satisﬁes the order front-facing-backfacing along the vector r^.
Once decomposed into subregions, the orientation vector
of the solid is determined by projecting the silhouette curve
onto a base plane. We identify a characteristic point, the
centroid of the area, for the projected silhouette curve. The
relative difference in the height of the characteristic point
along the silhouette and the distance along x and y
coordinates on the projected plane establishes the vector
for a region. A quantitative measurement of the tilt and
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parametric curve that represents the space trajectory
corresponding to the slender structure.
A prior analysis of the structure of the part allows
decomposition of the model into different regions for the
fabrication. For one set of regions, the conditions satisﬁed
are:
!
^
DvðtÞ  go0,
(34)
whereas for the others it is
!
^
DvðtÞ  gX0.

(35)

The prior decomposition of the solid into different
regions allows a smooth variation of the machine inputs for
the metal deposition.
Fig. 6. Derivation of the tilt angle and the parameters for a slender
structure.

rotary angle, or the desired orientation is obtained in terms
of the maximum distance between the projection of two
contours and the corresponding vertical distance between
the two points on the curves. Parameters used for the
determination of the tilt angle and the method are
described in Fig. 6. The dc is the distance along the
coordinate axis c (c ¼ x or y) between the two projected
silhouette curves. The corresponding difference of the
height is h. A tilt angle deﬁned as yc ¼ arctan (dc/h) is the
characteristic orientation vector of the region.
For a large family of the solids, the orientation about
one axis may sufﬁce for the elimination of the support
requirement; however, for certain other solids, the orientation about two axes may be required. The rotation angles
about the two axes are given by
 
dx
yx ¼ arctan
,
(31)
h
 
dy
yy ¼ arctan
.
h

A set of experiments were performed to identify the
inﬂuence of process parameters on the geometry of slender
structures. The material chosen for the experiments is H13
and the argon is used as carrier medium. The relative
velocity of substrate and metal deposition head, the power
input, and the metal feed rate is varied, and the diameter of
slender structure is measured. The results are summarized in
Table 2. A trivial observation of the data suggests that the
diameter increases with the increase in power and mass ﬂow
rate; whereas, it decreases on the increase in speed. A higher
power allows a larger molten pool, hence, a thicker part.
Similarly, the amount of material trapped in the molten
pool increases with the increase in mass ﬂow rate.
The microstructure of a slender part corresponding to
the following set of input parameters is observed along the
longitudnal and lateral direction of the part:





Power ¼ 350 W.
Metal feed rate ¼ 15 g/min.
Speed of metal deposition head ¼ 0.5 mm/s.

(32)

The corresponding planes of rotation are the xz-plane
and the yz-plane. Where dx and dy correspond to the offset
of silhouette curves along the x- and y- axes, respectively.
The above approach may be simpliﬁed for the slender
structures based on the treatment of the solid as a freeform
space trajectory and the derivation of the components
of the space trajectory. The orientation of the metal
deposition head with respect to the immediate deposition
point is governed by the tangent vector of the curve. The
subsequent adjustments made towards the choice of the
orientation may be obtained by the following tangent
vector:
! ! !
DvðtÞ ¼ rðt þ DtÞ  rðtÞ

4. Experimental results and discussions

(33)
!
as shown in the Fig. 2, where D v is the instantaneous
!
tangent vector and rðtÞ is the vector along the points on the

Table 2
Variation of the structure diameter based on various process parameters
Power (W)

Speed (mm/s)

Mass ﬂow (g/min)

Diameter (mm)

200
200
200
250
250
250
300
300
300
350
350
400
400
400

0.75
1
0.5
0.75
1
0.5
0.75
1
0.5
1
0.5
0.75
1
0.5

10
15
15
10
15
15
10
15
15
15
15
15
15
15

2.21
2.15
2.34
2.57
2.41
2.63
2.77
2.68
3.08
3.15
3.42
3.77
3.45
4.24
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A set of complex parts were fabricated using the
suggested approach. The microstructure of parts is fully
dense (Fig. 7) and do not require support for fabrication.
Fig. 8 shows a spherical spiral part fabricated along a
non-linear space curve deﬁned by the following equation:
8
>
< x ¼ cos t cos c
y ¼ sin t cos c ,
>
:
z ¼  sin c

(36)

Where parameter c ¼ tan1at deﬁnes the geometry of
the spiral and a is a constant. The discretization of the
geometry is eliminated by the coordinated motion of the
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manipulation platform and the laser deposition head.
Fig. 9 shows a linear slender structure with a varying
cross-sectional area. The cross-sectional area of the part is
varied by varying the process parameters. As observed in
the ﬁgure, it is possible to shift from the underlying smaller
cross-section area to a larger area and vice-versa; therefore,
the process is apparently independent of the size of the
underlying substrate.
Similarly, the part shown in Fig. 10 is made of branched
segments fabricated by a set of linear curves in space.
Contrary to the part shown in Fig. 8, which is made
along a continuous curve in the space, this part comprises
ﬁve distinct regions each with different orientation
vector.

Fig. 9. Linear slender structures with varying cross-sectional area.
P ¼ power in W, v ¼ metal deposition head velocity in mm/s and m ¼
mass ﬂow rate in g/min.

Fig. 7. Microstructure of a slender structure (parameters used to fabricate
the slender structure: power ¼ 350 W, metal feed rate ¼ 15 g/min, speed of
metal deposition head ¼ 0.5 mm/s).

Fig. 8. Spherical fabricated by laser-based direct metal deposition. The
variation in the diameter of different regions is done by varying the
process parameters.

Fig. 10. A branched structure with linear segments fabricated by laserbased direct metal deposition.
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5. Conclusions and discussions
A mathematical model is suggested for the process
planning for fabrication of slender structures. The mathematical model suggests a framework for the implementation of the process and part fabrication for extremely
complex parts including overhangs, which are otherwise
difﬁcult to make.
Experiments were performed in order to determine the
optimal value of process parameters such as metal
deposition head speed, power, and mass ﬂow rate. Another
set of numerical simulations and experiments were
performed to determine the maximum molten pool volume
for the inclination angle of the molten pool.
A set of complex geometries were successfully fabricated.
Experiments suggest that it is possible to control the size of
the cross-sectional area of the structures by varying the
process parameters. The microstructure of the part
obtained is uniform and dense. The LBDMD process,
therefore, is a very effective method for the fabrication of
complex slender structures.
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