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by
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1, Introduction: In an ordinary renewal process, an item 1s replaced, on

failure, by an identical item. The life distributions of items succes~
sively used are, therefore, the same., If sush a renewal process is,
therefore, observed for a long time, we can obtain a sample of "life-
times" fram this life distribution and from this, we can estimate the
parameters of the life distribution or the distribution itself, But this
is, in many practical situations, not feasible because the life of the
item under consideration may be large and one has to walt very very long
before one gets a reasonably large sample., It 1s therefore essential to
lock for same alternative method of estimatiaon.

In practice one comes across situations, where not one but several
identical renewal processes are simultaneously occurring., For example,
consider an Army depot of spare parts which caters to the needs of several
vehicles or tanks operating under similar conditions. This depot has to
supply spare parts like gear boxes to these vehicles for replacements, Each
vehicle or tank thus corresponds to a renewal process and all these re-
newal processes are going on similtaneocusly, Let t be the time elapsed
since the beginning of a renewal process and Vi denote the time up to
the next renewal measured from t. Then V. 1s called the Forward Recur-
rence Time, Simllarly, the time since the last renewal to the present
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time t is called the Backward Recurrence Time vy , If all the identical
simultaneocus renewal processes are observed from a given instant of time
to thelr next renewals, we shall get a large sample from the distribution
of v « The depot can easily get this information from the vehicles and
then making use of the relationship between the distributions of v, and
F(x), the distribution function (d.f.) of the life of the item, one can
easily estimate F(x) or its parameters., The explicit relation and the
procedure are well-known but for the sake of campleteness are descrilbed
briefly in this paper. The main aim of this paper is, however, to ex-
terd this idea to the estimation of a whole matrix of life distributions
associated with a Markov Renewal Process (M.R.P.)

Markov Renewal Processes (M. R. P,) A Markov renewal process (see Pyke,
1961) 1is one in which there are m, a finite number of states and the pro-

cess makes transitions from one state to another according to a transi-
tion probability matrix p- Pi (1,J=1,25444,m) (E Pi § -1), but unlike

a Markov chain, the holding time in any state is not fixed but is a ran-
dam variable, If the process makeea transition from state 1 to state J,
the d.f, of the time spent in state 1, before it makes a transition to
state jJ, may deperd on both 1 and j. We shall denote this by FiJ (x).
We thus have F = [Fu(x)] , the matrix of all such life distributions,
Such a situation can occur in practice, if an item is not replaced by
an identical item but by a "different" one. Items can be repaired and
then used again. But the life distribution of a repaired item may not

be the same as the original., In fact, for certain types of items, they
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can be repaired a number of times and used repeatedly, We have thus
different types of items, with different life distributions but all these
items serve the same purpose on the vehicle., The types of items are then
the states of the MRP ard the lives of these different types will be the
holding times in the different states, The supply of the items to the
vehicle is governed by the matrix P and the Markov Chain, imbedded, in
the process, could be of zero-order also. We shall define subsequently,
forward recurrence times for the different transitions of an M.R.P. ard

indicate their use in the estimation of the moments of the life-distri-
butions of the matrix F.

Ordinary Renewal Process. If u{ i1s the mean life of an item in an ordi-

nary renewal process and F(x) 1s the d.f. of the life, then it has been

proved (see Cox 1962) that the limiting distribution of Vi, for large t,

has
X
Jo lFGO} 7 W) ax (3.1)

as its d.f. It is therefore easy to see that the r*P raw moments M1'~ of
this distribution is connected to the moments uj of F(x), by the relation

Mr'° - "z"-l»l / (r+1)u{ (3.2)
Also, the ordinate of the probability dendity function(p.d.f.) of the dis-
tribution of vy, at x=0 is l/u{. Thus, from a large sample from the dis-
tribution of Vv, (which can be obtained by observing a large rnumber of

similtaneously oceurring renewal processes, from a given instant of time



till a renewal occurs on each of them), one can construct a histogram and
rit a smooth curve to obtain the p.d.f. of V.. u] then can be estimated
from its ordinate at zero and the higher moments "1:"+1 can then be estimated
from the sample moments, of this distribution of Vt, using (3.2).

The limiting distribution of V. amd of Uz, the backward recurrence
time i1s the same. The procedure 1s thus the same, vmeth& are uses V¢ or
Uy to estimate the life distribution F9x). |

Forward Recurrence time for an M.R.P.
We set Qij(x) = pijFij(x)' We define the Laplace-Steiltjes transform
(LQ-S.T.) of Q“(x) by

qyy(s) = [ €5 dayy(x) (4.1)

and denote by q(8), the mxm matrix of the quantities qu.(i,J-l,Z,...,m).
Let Zz. denote the state of a M.R.P, at time t., We now define

Rjk(to,x) = Prob.(that the first transition, after time t, form the begin-
ning of the process, is from state J to state k and that
the holding time in state J, measured form t, onwards 1is
<x |2z ,=1) d eveeeee(8.2)

1,J,k=1,2,400,m,

We further define the following L.~S.T.'s.

i [
er(to,s) = J‘o e 8x dx R;k (to.x) 000.00.("03)



'rjk(so,s) = J‘: é_sbto I‘Jﬁ(to,ﬂ)dto 00000000000("‘6"‘)

It has been proved, by the author (1970a), elsewhere that

'rj'k(sogs) = {I"'q.(so)}-ij (qu(S) - qdk(so) / (80-8),.“...(‘4.5)

{a} g denotes the element in the 1*8 row and J*P colum of the
matrix A, Rj’k(to,x) 1s the d.f. of x, the forward recurrence time of the
M.R.P., measured from to ard carrespords to the transition from J to k,

Its limiting behavior as to * =, can be studled by letting 3, * 0 in the
L.-S.T. For this one needs the expansion of the matrix (I-q(so))'l in
powers of 8, This was obtained by the author in collabaration with

Y. P, Gupta, in an earlier paper (1967)., An easier method of expanding
this by using generalized inverse of a matrix, in a paper sent for pube
lication (1970b). The final result is that

Pik - qu(s) ‘

d
.r%k(sms) v =

i dyny

as 8, + o, where d' = {d,,d ,.v4,d;} 18 the vector of the stationary s

r, (8) (4,6)

S Jk

state probabilities of the imbedded Markov Chain ieé

a'p=a (4.7)



and ny is the mean of the d.f. }'!:: Q_jk(x)' As 4s cbvious, the limiting
J=1

distribution does not depend on i, the initial state of the M.R.P. (4.6)

is the L.-S.T. of

dj X
d,n 0
2, %
J=1

(r)

and this represents the d.f. of the forward recurrence time, If qu

denote the raw moments of the d.f. de(x), (rel,2,0000 )
. @ y
qu(a) ui] - lle + qu = seescccefl ij ( 09)

and so , from (4.6).

D SPe )y s (2, 823 _
er(S) m {ujk “z-r ujk + 31 qu see ooo(uolo)
d,n
;E-l 3"

The constant term in (4.10) is not 1, showing that de(x) is not a d.f., in
the strict sense of the term, We shall however continue to call, the co-
efficlent of (-1)TsF / r! in (4,10) as the r*P moment of the d.f. Ryp(x)
and shall denote it by M§§>.~ Thep from (4,10)

(r+l)
alF) = L  dk (4,11)
Jk m (r+1)
4
ot

(r-lgagotio )



This is an analogous expression to (3.2) of the oxd:lmry renewal process.
When r«=0, we get

d.p K

L u(1)

m k °
> 9M
J=1

showing that the total probability Rjk(") is not one but

(1) S;
deij'jk / £ dj’nj. Also observe that

- (1) 4,12
nJ E kaqu ( )
J=1
The p.d.f. correspording to the d.f. Rjk(") is
d,p '
35d
—_——i (l-FJk(X)) (4.13)
d,n
= 3

and its ordinate at x=0, 1s d,py, / z"‘: G ngeesseseinsinniiia, (4.14)
=1
The estimation procedure for the matrix F is now outlined in the next
section
5. Estimation of the matrix F of life distributions:
Suppose that a sufficiently large amount of time has elasped since the
beginning of a number of M.R.P's which are simulatneously in progress.



Then begin to observe the M\,R.P.'s from a given instant of time till

the next transition occurs on each of them, Record the initial states and the
final states of each of these transitions and the time from the ilnstant

of observation to the occwrrence of the transition for each of the M.R.P.
Suppose N is the number of the M,R.P's, Let Njk be the number of pro=-

cesses for which the transition was from state J to state k (J,k=1,2,...m)

and the forward recurrence times for these be x,(J,k), X2(J,K) 50000,

1
7y, (50 Toen 16 1s cbrious that Ny, / N estimates ety / ;‘; dgnye

If a histogram is constructed, from these x(J,k)'s and asmooth curve is
fitted, the ordinate at x=0 of the curve will estimate d,p,, / ﬁ ayn,.
=]

From these two, u;i)can easily be estimated, and the higher moments u;?
of ij(x) can then be estimated from the

sample moments
Nyye
2y X, (3,0 / Ny
ard the relation (4.11). This procedure must be repeated for every (J,k)
to estimate the moments of the life-distributions in the matrix F, It is
assumed here that the matrix P of transition probabllities is known, and
that all the states are positive recurrent.

6. Backward Recurrence time of an M.R.P,
In the case of an ordinary renewal process, the limiting distribu-

tions of the forward and backward recurrence times are the same and hence



the life distribution can be estimated from either. But this symmetry is
obviously not present for an M.R.P,, because not only the time but also
the type of the transition enter into our cansideration.

Let us consider an M,R.P. at time to, from its begiming., The time
elapsed since the last transition is then the backward recurrence time
and if this last transition was into state J, we define
Sy 4(t,eX) = Prob(Z, =j; time elapsed since the last|Z =1) (6.1)

1j‘\ o to o
transition x
It can be shown, from the theory of Markovian renewals that the above

distribution function of the backward recurrence time (correspording to
state J) tends, as t, = to

__AL_—_ X )l z .
- f { > Qdk(x)} ax (6:2)
; a,ng o k=l

It does not depend on the initlal state i of the M.R,P. The L,-S,T, of
the above limiting d.f. is

d m
—l— a- 3 G (6.3)

m
?_:l any k=1

Since the d.f. (6.2) involves i Q(x) and not the Q}'k S alone, 1t is
k=1
obviocus that the backward recurrence times will oot be useful in estimating

the parameters of the individual life distributions, but only of the sum
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=10

ij(x)’ But, in practice, the d.f.'s of the holding times rerely
k=1

depend on both the initial and final states of a transition. They de-

pend on one of them only. Thus in the case of the spare parts illustration

cited earlier, the life distribution of a component will depend only its

type and not on the type of camponent to be used immediately after it, So

de will depend on J alone and so even the backward recurrence time can

be used for estimation purposes, in exactly a similar way as the forward

recurrence time,

Remarks: It 1s assumed throughout this paper that the pn are known,

If they are also unknown, the method described in this paper is of no use.

The only alternative 1in that case 1s to observe one M.R.P. for a very long

time and count the different transitions and the different holding times.

Moore and Pyke (1968) hawe descrivbed the estimation procedure in this case.
By the method described in this paper, it is possible to estimate the

moments of the different Fy,. only if all the N, are non-null and suffice .

Jk
iently large, This will be so, only if one observes a very large number

of simultaneous Markov renewal processes,
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