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EXACT EXISTENCE OF EVERY POSSIBLE DISTRIBUTION
FOR ANY SAMPLE ORDER STATISTIC

John E. Walsh
Southern Methodist University*
ABSTRACT

Given are any stated value for sample size and an arbitrary but speci-
fied univariate distribution. Let an arbitrary but specified order statistic
for a univariate random sample of this size be considered. It is shown
that a statistical population always exists, for yielding the sample, such
that the distribution of the order statistic is exactly the specified

distribution. Some asymptotic implications of these results are outlined.

INTRODUCTION AND RESULTS

The problem of the possible distributions for the largest and the
smallest order statistics of sets of independeﬁt observations has been
considered by Juncosa (1949) for nonsample cases. He showed that the order
statistic distribution can come as close as desired to any distribution
as the number of observations increases sufficiently.

This paper, with stronger results, considers the more restricted
situation of a random sample, any sample size, and all order statistics.

It is shown that an order statistic distribution can exactly equal any
distribution (not necessarily continuous). More specifically, consider

an arbitrary but specified univariate distribution, any given sample

size, and any stated order statistic. A distribution is identified such
that the order statistic of a sample of the given size from the corresponding

population has a distribution exactly equal to the specified distribution.
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Some implications of these results are for asymptotic situations where
the sample size, specified, is arbitrarily large. The population sampled
is absolutely continuous (density function exists) for the cases considered.
First, the cumulative distribution function (cdf) of an extreme can have
any possible form that is absolutely continuous. Also, the cdf of an
extreme can have an unlimited number of forms when the density function of
the population sampled is required to be nonzero and analytic (all derivatives
exist, etc.) over its range of nonzero values. Thus, the usual three
limiting forms, often called aéymptotes (for example, see Gumbel, 1958),
are only a few of an infinite number of possibilities.

Second, for asymptotic situations consider a sample percentage point
and suppose that the density function of the population sampled is nonzero
throughout its range of nonzero values. The cdf of this percentage point
can have an infinite number of absolutely continuous forms (including the
normality form that often occurs). In fact, it can have any such form that
is nonzero over its range of nonzero values. Moreover, the percentage point
cdf can have an infinite number of forms when the density function is also
required to be analytic over its range of nonzero values.

Although these implications are for specified sample size, they apply
to any sample size (no matter how large). Thus, taking n extremely large
does not necessarily reduce the possible forms of distributions that can

occur for an extreme or a sample percentage point.

VERIFICATION

Use n for the sample size and let the t-th order statistic be con-

sidered (t = 1 for the smallest sample value, etc.). Also, let F(x) be



the cdf that is to occur exactly for the t-th order statistic. The function

G(x) is defined by
n
: Gx)T-cx) 1"t 2 F(x). (1)
i=t
The function G(x) satisfies the properties of a cdf (monotonically increasing,
G(~®) = 0, G(*) = 1, etc.).
Consider the cdf for the t-th order statistic of a random sample of

size n from a population with cdf G(x). This distribution is given by

the lefthand expression of equation (1) and thus exactly equals F(x).
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