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Abstract

Ratios of quadratic forms in correlated normal variables which introduce noncentral-
ity into the quadratic forms are considered. The denominator is assumed to be positive
(w.p. 1). Various serial correlation estimates such as least squares, Yule-Walker, and
Burg as well as Durbin-Watson statistics provide important examples of such ratios. The
cumulative distribution function (cdf) and density for such ratios admit saddlepoint ap-
proximations. These approximations are shown to preserve uniformity of relative error
over the entire range of support. Furthermore, explicit values for the limiting relative
errors at the extreme edges of support are derived.

Abbreviated Title: Saddlepoint Uniformity

Key words and phrases. Ratios of quadratic forms, saddlepoint approximations, se-
rial correlations.

1 Introduction

Consider the ratio of quadratic forms

€ Ae
r= ¢Be (1)

where, without loss in generality, A and B are assumed to be n x n symmetric. Let
e ~ N (u,I,) and suppose B is also positive semidefinite thereby assuring that the denomi-
nator is positive with probability one. There is no loss in generality in having the covariance
of € as the identity. This is because, if the distribution of € were N (u, ¥), then (1) describes

the model with £2 AX? and Z2BX? replacing A and B respectively, and Efé,u replacing



p in the distributional assumption on €. Thus model (1) incorporates all dependence among
the components of € as well as noncentrality that occurs when pu # 0.

Various sorts of saddlepoint approximations for the distribution (cdf) and density of
R have been proposed beginning with the seminal work on serial correlations in Daniels
(1956). Further marginal distributional approximations are given in McGregor (1960),
Phillips  (1978), Jensen (1988), Wang (1992), Lieberman (1994a,b), Butler and Paolella
(1998a), and Marsh (1998). Joint distributional approximations for the set of serial correla-
tions comprising the correlogram were initiated by Daniels (1956) and continued in Durbin
(1980) and Butler and Paolella (1998b).

The main contributions of the current paper are in establishing the uniformity of relative
errors for the saddlepoint cdf and density approximations in the right tail when used with
univariate ratios R in a class Cr that is defined below. This class encompasses all the
examples in the aforementioned papers. FExpressions for the limiting relative error are
given as the right edge of support for R is approached and sample size n is held fixed.
These expressions are explicit in the more elementary settings in which a certain defining
eigenvalue is simple and mostly implicitly defined when multiple. The noncentral beta
distribution provides an important example in which the limiting error is explicit but the
defining eigenvalue is multiple.

The left tail of R is dealt with by changing A to —A thus switching the left tail of R to
the right tail of —R. The results for the right tail of —R can now provide similar uniformity
results for the left tail when applicable. If —R is a member of class Cx then we say that R
is in C,. However, for the most part, the paper concentrates on class Cr.

The class of ratios Cr is characterized technically in terms of a sequence of largest
eigenvalues. Let (l,r) be the support of R, with r perhaps infinite, and define A, (r) as the
largest eigenvalue of A —rB for r € (I,r). The class Cr is characterized as those ratios R

whose matrices A and B admit the limit

0 = lim A, (7) (2)

r—r

with dimension n fixed. Class Cr contains the subset B that consists of all ratios with



bounded support (l,r); this is a property of R that is guaranteed when B > 0, or positive
definite. Such ratios include the Durbin-Watson statistics as well as the Yule-Walker and
Burg estimators of serial correlation with arbitrary lag computed from least squares resid-
uals. If B > 0 has at least one zero eigenvalue, then r may be finite or infinite. The portion
of Cr with r = 0o includes least squares estimators of serial correlation in various sorts of
models with arbitrary lag and computed from residuals with trend or covariates removed.
Such models include those with autoregressive lag in the dependent variable and those with
lag in the additive noise.

Large sample space asymptotics of the sort considered herein, have not been previously
considered for the class B. The only previous consideration for a member of the class Cr — B
is in Jensen (1988, 1995 §9.4). He obtained results in agreement with those below for the
least squares estimator of lag one serial correlation, when the time series is a mean zero
AR(1) model.

The class Cr excludes F-statistic and Satterthwaite-type ratios as have been considered
in Butler and Paolella (2002). In this work A, (r) > 0 does not depend on 7. For this set-
ting, saddlepoint uniformity is also maintained; however, a different asymptotic saddlepoint
behavior results from these different assumptions.

Some alternative large sample size asymptotics for the lag one least squares estimator,
showing that the error is O(n~!) and O(n~3/2) on compact sets as n — oo, are given in
Lieberman (1994b) and Jensen (1995 §9.4) respectively when p = 0. Such asymptotics, in

which n — oo, are not considered in this paper.

2 Saddlepoint Approximations

2.1 Distribution Theory

The cdf for R in the most general setting with noncentrality is

€ Ae
¢Be

Pr(RSr)zPr( §r>:Pr(e'(A—rB)e§O) (3)

=Pr(X, <0)



where X, has been so defined. Assume the spectral decomposition
A —rB =P.A,P, (4)
where P, is orthogonal and A, = diag (A1, ..., \,), with
A=A (r) << A=A (1)

consisting of the ordered eigenvalues of (4). Whenever convenient, we suppress the depen-

dence of the various quantities on r. The distribution of X, is therefore
n
X, = ZAM (L,27), (5)
i=1

where {Vf} are determined as (Vl,...,Vn)/ = 1, = P,u and represent the noncentrality
parameters of the independent noncentral X% variables specified in (5). The ordered values
of {\;} are in 1-1 correspondence with the components of v, specified through the particular
choice of P,.. Notationally we use X% for the central chi-square instead of x? (k,0).

Before proceeding with the development of a saddlepoint approximation for the distri-
bution of R, we must first characterize the support of R, its relationship to the eigenvalues

A1(r) and A, (r) and the convergence strip for the moment generating function of X.

Lemma 1 All the eigenvalues of A, are strictly decreasing in r for B > 0 and decreasing

when B > 0.

Proof. This is a direct consequence of theorem 9 in Magnus and Neudecker (1988,
§10.9). m

The next result should be clear without proof.

Lemma 2 The distribution of R is degenerate at a single point if and only if A = cB for

some scalar constant c.

A description for the support of R requires consideration of the various cases involved

which depend on eigenvalue decompositions for A and B. Suppose that B has p > 0 zero



eigenvalues and let Of be the orthogonal matrix of eigenvectors for B such that

A 0
0gBOL = | " °
0  Opxp
Denote
C C
OpAO, — 11 Ci2
Co Ca

where Cq is (n —p) X (n —p) and Cayy is p X p. Let N(Cj3) denote the null space in ¥ for

matrix Cis.
Lemma 3 The support of R is specified in the following set of cases.

1. Suppose B > 0, hence p = 0, and A has rank of at least one. Then the support of R

is the finite interval (I,r) with | and r as the smallest and largest eigenvalues of B A.
2. If p > 1, so B has at least one zero eigenvalue, then the right edge r is given as follows.

(a) If Cog has a positive eigenvalue, then r = oco.

(b) If Cy < 0 then r < oo and r is the largest eigenvalue of
A5'(Cy1 — C12C5; Cay). (6)

(c) If Ca2 < 0 and Cyy has at least one zero eigenvalue, then r = oo if N(Ca2) g

N(Ci2); otherwise r < co and is the largest eigenvalue of
A5'(Ci1 — C12001AG O Co).
Here, O = (Oc1, Oc2) consists of the eigenvectors of Cag,

Ac 0
0cCpOl = | 7€ :

0 Omxm

Ac < 0, m is the multiplicity of the zero eigenvalue, and the columns of O¢y

and Ocg consist of eigenvectors with nonzero and zero eigenvalues respectively.



Proof. For case 1, set z; = B'/2¢ so that

€ Ae z’lB_1/2AB71/2z1

¢'Be z)z,

(7)

The ratio R in (7) is bounded between the smallest and largest eigenvalues of B~/ 2AB1/2
or equivalently B~1A. Proof for case 2 is relegated to Appendix 7.1.1. =

Some of the settings described in Lemma 3 concern ratios that are not in the class Cg.

Lemma 4 When considering the right tail, matrices A and B admit a ratio R in class Cr
only for cases 1 or 2(b) or 2(c). When considering both the left and right tails, then class

Cr NCr encompasses case 1 or the special setting of case 2(c) in which Cag = 0.

Proof. See Appendix 7.2.1. m
Lemmas 3 and 4 are most easily understood by using some simple examples. Consider

an F1; distribution for R. Then

1 0
A—rB=
0 —r
and A\1(r) = —r with A2(r) = 1. Clearly this is not in the class Cg nor in Cr. Since Cag = 1,
a scalar, this is case 2(a).
Next consider n = 2 and the least squares estimate of a lag 1 serial correlation in the
simplest setting with R = e1e2/€2 = e2/e1. Note this has the Cauchy distribution when

p = 0 and the support is (I = —oco,r = 00). To see that this ratio is in the classes Cg and

Cr, note that

—r 1/2
A—-rB= (8)
1/2 0

and the limiting eigenvalues are

lim (=r = V/r?4+1)/2=0= lim (=r + /2 +1)/2. 9)

r——00
The example illustrates a case 2(c) ratio in which Cj2 = 1/2 and Caa = 0 are scalars and

N(C32) € N(Ci2). The same results hold more generally with least squares estimates of

serial correlation from regression residuals.



Lemma 5 Suppose R has a non-degenerate distribution in class Cr as described in Lemma
4, B >0, and A has rank of at least one. The upper range of support r < oo for R, as given

in cases 1,2(b), and 2(c) of Lemma 3, solves
An (r) =0. (10)

If r is an interior point for the support of R, then the mgf of X, is

My (s) = (H(125A) 1/2> exp{szm} (11)

i=1
and convergent on the neighborhood of zero given as

1 1
< s <

() (1) (12)

Proof. Value r is interior to the support of R if and only if A; (r) < 0 < A, (r) . Using

the continuity of A, (-) and the restriction to class Cg, then (10) must hold. m

2.2 Cdf Saddlepoint Approximation

The saddlepoint approximation is based on the cumulant generating function (cgf) for X,

given as Kx, (s) =In My, (s). The saddlepoint § is the unique root of

n

0= Ky (=3 (N A (13)
ST T =28, (1 - 28)°

in the range (12). The Lugannani and Rice (1980) approximation to first-order is

- ®(w)+o¢(w){wt—at} if 0#£E[X]
Pry(R<7)= A it 0=£[X )
2 ¥ 5Ky, 0 it 0=£1%]

where @ () and ¢ (-) denote the distribution and density function of a standard normal

random variable, respectively, and

$)\/—2Kx, (8) ﬂzé,/K}’(r (3). (15)
Higher derivatives of Kx, are given as

() - v
K () =271 (G — 1)) M (1—28\) ( m) (16)
=1 t

7



Third and fourth derivatives allow computation of the second-order approximation which

includes further terms in the saddlepoint expansion. This has been given in Daniels (1987)

as
— _ X 5 .
p <r)=P )b d gt (A 22\ -3 R3 o-3 .
rp (R<r) ri(R<r)—¢(w) {u (8 i) — Sos (17)

for  values such that 0 # £[X,] where &; = ng(é)/KS’g (8)9/2.

2.3 Density Saddlepoint Approximation

The saddlepoint density approximation for fr(r), the density of R at r, is derived in

Appendix 7.2 as
r J’r ('§)

fr(r) = _ My, (5), (18)
2rKY (8)

where § is the same saddlepoint used in the cdf approximation and which solves (13). Factor

Jr (8) is computed from
Jp(s) = tr (I —2sA,) " "H, + 0. (I—2sA,) " H, (I—2sA,) ' v, (19)

with H,= P, BP,.. The second-order saddlepoint density in this context is

fr2(r) = fr(r)(1+0) (20)
where
_(Fa_ 5 Jr(®ks  J(3)
0= (8 24 3) ") Ky (8) 20 () K% () 2

Example 6 For matrices A and B in which R ~ Beta(%, ”_2’”) , the saddlepoint density

in (18) s
oy B3
r)= = fr(r
MO B g

where B is Stirling’s approximation for the Beta function B.



3 Uniformity of the Approximations in r

The relative errors of the Lugannani and Rice approximation in (14) and the density ap-
proximation in (18) are shown to be uniform over [0,r) when in class Cgz. These results
follow as a consequence of deriving their finite limiting ratios as » — r. The limiting ratios
are derived in Theorems 10,11, 16, and 17 below. Our approach for computing these limit-
ing ratios follows that also used in Jensen (1988, 1995 §9.4) and generalizes these results to
accommodate both noncentrality and the special concerns of multiple eigenvalues.

The nature of these asymptotics is dependent on the multiplicity of eigenvalue A, (r) = 0,
denoted as m. As a simple eigenvalue with m = 1, the limiting ratios are derived in Theorems
10 and 11. This is a common setting encountered while dealing with serial correlations. With
m > 2 however, the asymptotics are more difficult and such results are deferred to Theorems
16 and 17. Examples of the multiple eigenvalue setting are also common and include least
squares estimates and Yule-Walker estimates for lag [ serial correlation with [ > 2. One
important multiple eigenvalue example is the noncentral beta distribution discussed in §4.

The Case 2(a) setting is not in Cg; however, the relative error can still be shown to
be uniform over [0, 00). Section 7.5 of the Appendix discusses this setting and shows that
the asymptotics are those found with Satterthwaite F-type ratios as detailed in Butler and
Paolella (2002).

The following result is used extensively in computing these limiting ratios.

Lemma 7 Suppose Zy ~ X%o independently of Zy ~ X% (ny,2w). If ag,a; > 0, then the

density of a1Z1 — agZy at zero is

Q
fa121—a0Z0 (O) = .

o lew 2 ﬁ—l‘ﬂ‘ wagp
*71)1 ! "2 a0+ a1

where 1= (ng +n1) /2.

Proof. The density is the convolution

[ b () ()
o @oai aop a1




computed by expressing the noncentral x? as a weighted sum of central x? densities as in

Johnson and Kotz (1970, p. 132). Tedious calculation lead to

1
2

-1 ing— ) _
aonl 1a12 0 12—16—0.1 Zr(n+k—1) ( wag )k
(a0 +a1)" ' T (%) I (% +k)k! \ao+a '

k=0
The lemma results upon recognizing that the summation in curly braces is the Taylor
expansion for the confluent hypergeometric function 1 F} in Abramowitz and Stegun (1972,
13.1.2). m

3.1 Simple Eigenvalue )\, (r) =0

Suppose r < oo, under the circumstances of Cases 1, 2(b), or 2(c). We assume here that
A — rB has a simple zero eigenvalue with multiplicity m = 1. For general A and B, this

multiplicity is often difficult to anticipate. Define
Vo = Un (I’) = pn(r)/,u, (22)

where p,(r) is the eigenvector associated with the zero eigenvalue of A — rB.

The situation with r = oo is more complicated.

Lemma 8 Suppose Case 2(c) with r = co. Then m, the multiplicity of zero eigenvalues in

{\i (00)} is the number of zero eigenvalues for Caa. If m =1 then
Vo = vy (00) := 0], Opoit (23)

where o, is the px1 eigenvector associated with the zero eigenvalue of Ca2, Og = (Op1, OB2)

and Oy is n X p and the orthonormal basis for the null space of B used to determine Cas.

Proof. See Appendix 7.1. =
The AR(1) example in (8) with n = 2 provides a simple example. Here, Cag is the

scalar 0 so that o], = 1, and Of, = (0,1); hence vy = po.
Lemma 9 Suppose the conditions of Lemma 5 and let m = 1. Then, as r — r < 00,
e=XA(r) = A (r)=0

10



and

t
g::°+0(1)ﬂoo, (24)
where
to= —don— 1422 \/(V2+2n—1)2—(2n—1)2+1 (25)
n 0 0
and vy is defined in (22) or (23). In addition,
-1 2t3 A
U — ug = z + K 7 + V003. (26)
2 (L—=2t9)" (1 —2t)

Proof. The largest eigenvalue A, (r) is continuous at r = r so that € = A, (r) — 0 as

r — r. Define t = €5 and replace § with £ in saddlepoint equation (13) to get
= A \iv?
0= = + —
;{1275)\1'/6 (12t)\¢/e)2}
n—1
A 1 V2
= —— +0 - -+ e : 27
6[;{6—2tz\¢ (6)} {1—2t (1_2g)2}] 27)

Remove the factor € and take the limit of this equation as r — r to get

n—1 n 1 + V3
—2tg  1—2to  (1—2t)?

0— (28)

where lim,_,, v, = 1 and t( is defined to be the appropriate root of (28). There are two
roots to this quadratic equation and the smaller root in (25) is the correct limiting value of
t. The reason for this is that the larger root exceeds 1/2 and 1/2 is an upper bound on the
range of values for £ as deduced from (12). To show that ¢ — tg as given in (25), note that
the estimating equation in (27), without factor €, converges uniformly to (28) in a compact
neighborhood of ¢o; therefore ¢ must converge to ¢y by a uniform continuity argument. The

expansion for § in € in (24) now follows. Similar arguments provide the expansion

2)\22 2 222
w0 ~23 s ) 2 )
1-— 2250)\ /6) (1 —2to\;/e) (1 — 2tp) (1 —2tp)
2{n1+ 2 N 418 }
~ € .
23 (1-2t9)”  (1-2t)°

Thus 6 = /K% (8) = O(e) and § = O (e7!) and the product @ converges to ug as given

11



Theorem 10 Suppose n > 2, R has a non-degenerate distribution in Cr, B > 0, and A
has rank of at least one. If m = 1, then the limiting ratio of the true tail probability to its

first order Lugannani and Rice approximation in (14) is

n—1
— —"n2 2
i Pr(R>r) /2w (1—2t) (2tg) 2 wuge R <n_1_yo>. (29)

P (R> 1) B(3.%)3 2'2°2
where parameters ty, ug, vy, and ne are specified in (25), (26), (22,23), and (36) respectively.
All of these parameters are determined by vy so the right side of (29) is a function of vy

alone.

Proof. The general method of proof entails writing the tail probability ratio for finite
r as an inversion integral. The limiting ratio is then determined by passing the inversion
integral to its limit as r —r.

The right tail probability of R is determined in terms of X,., using the inversion formula

as

1 S+1i00

Pr(X,>0)= ﬂ/ 2 My, (2)dz
T Js—ioco

1 o0

=5 700(;;’ +it) I My, (5 + it)dt

:Mi/w (1+ it>_1wdt (30)

i om $o Mx, (3)

—0o0
where the last integral results from a scale change to the variable of integration with ¢ =

VE%, (3):

The asymptotic behavior of the first order saddlepoint approximation in (14) is related
to the leading factor in (30) according to

-1 Mx,(5)

Pry (X, > 0) ~ ¢ () /@ (31)

S6+/ 27
as r — r if it can be shown that @ — oo under such limits. From Lemma 9, § — oo and
A1 (r) < 0 for sufficiently large r so that the term {1 — 231 (r)} %% — 0 in My, (3) as do

some other terms; thus @ = /—2Kx, (§) — oo.
Using (31) in (30) then

Pr (X, ot B it \ ! My, (3 +it/6
=" Prq (XT > O) r—r 27 —c0 SO MXT (8)

12



The limiting inversion is now determined by finding the pointwise limit of its integrand and
applying the dominated convergence theorem. A dominating function that is integrable is
provided in Appendix 7.3.

The limiting values of the integrand in (32) are now determined. For the first term,

. —1 . -1
t t
<1 + Al—A> ~ <1 + Z—) .
SO ug

The centrality factors of the Mx, -ratio are

ﬁ{1_21(i;§§/i&)Ai}‘ :ﬁ{10(12+;”}_ _ (33)

i=1 =1

[N
=

As e — 0,0 =1u/5 ~ eup/ty so that

G (1—28)\) ~ Cﬂ) (1 — 2toAi/e€) (34)

0

—2ugA; > 0 if i=1,....,n—1

(6U0/t0) (1—2t0) if i=n.

The limit of (33) is therefore

n—1
it 2 _1
(1 + Z—) (1 — 2ity) 2
up
where
= () (1 — 2t0)'

For the limit of the noncentral portions of the Mx -ratio, the exponent of term ¢ of exp (+)

is

(B+at/o) vy S}y 1 1 (35)
1*2(§+it/5')>\i 1*2=§>\i_ 2 1*2(§+it/6))\i 1—25)\ )

As € — 0, then § — oo and 1 — 28)\; — 400 since A; (r) < 0 for i = 1,...,n — 1. Simple
computations show the real portion of (35) is O (57') — 0 and the imaginary portion is

O (6) — 0. Thus the limit of the Mx -ratio contribution is 1 for i = 1,...,n— 1. For i = n,

13



the exponent from the right side of (35) is

v 1 1
2 \1-2e(ritte) 1-2

€up

ﬁ 1 1
2 \1—2ty(1+it/uog) 1— 2t
72

T 12ty "

where

2
0]

o= 2t)

Using the dominating convergence theorem, the limiting ratio in (32) is
ntl
1 [ w2 B | "2
V2T — 14+ — 1 — 24t 2 —_— — dt. 37
o /_oo ( + UO) ( itny) "% exp (1 it 772) (37)

In (37), the first exponential term in ¢ is expanded in a Taylor series to give an integrand of

n+1

i\ 2 > ) _1 ok
1+— 1— 2ityy) 2420 (mm 2
< + uo) . g( itm) ¢ k!

k=0

This may be recognized as the product of two characteristic functions representing the
convolution of —ﬁxiﬂ = —apZy and x> (1,2n2) = a1 Z; variables as in Lemma 7. The
inversion integral in (37) is the density of a1 Z1 — apZp at 0 as given by Lemma 7. Reducing

this to an expression in ty and using 72 (1 + 2u0771)*1 = ug /2 leads to

which gives (29). m

In the central case with v = 0, the limiting ratio of tail probabilities in Theorem 10

(b))

where B is Stirling’s approximation. This same limiting error was derived in Jensen (1995,

works out to be

§9.4) which considered the tail ratio for the distribution of the least squares estimate in a
mean zero AR(1) model. Jensen’s (9.4.7) is this value when the difference in notation is

accounted for (our n is his n + 1).

14



As 12 — oo, then the limiting ratio in Theorem 10 is

r(%%”) /r(é,” ){1+0 21

where I is Stirling’s approximation. This follows from the large argument asymptotics for

1F1 as given in 13.1.4 of Abramowitz and Stegun (1972).

Theorem 11 Under the conditions of Theorem 10, the first order saddlepoint density has

the same relative limit given in (29). The intermediate limit

2
- 1F1 (ﬂ;é;ﬁl>
fR (T) =27 (1 — Qt[))% (2t0)73 uoef772 pg%
o fr(r) B(3,%5) %
1F1 <nT+2a ga Z2.3>
+ (1 —po) (1 — Qt[)) 5 i\ i3 (39)
B(3,%5) 52

1s derived where
1— 2t

P T o+ 2

This expression is shown to be analytically the same as the right side of (29).

Proof. Follow the approach used for the cdf. From (63) in the Appendix,

fr(r) =& W) fv, (0) / My, (5 +it)dt
_ My, (8 )_ Myr(s +it/0)
=N s L T e
1 [ Mx,(8+it/6)Jr (§+it/&)dt
"or oo My, (5)J: (3)
from (67) in the Appendix. Then,
i fr(r) Mx, (§+1it/5) ], (§+it/5)
e~ VAT mo- [ e 40)

The inversion is much the same as with the cdf except as concerns the different factor
J (5 +it/&) /J (3) in place of (1 +it/36) . The dominating convergence theorem can still
be applied since, in Appendix §7.4, the norm of this new factor is shown to be uniformly
bounded in ¢ for sufficiently large 7. In addition it is also shown that
Jr (5 +1it/o LN L
% ~ po (1= 2itmy) ™" + (1= po) (1 — 2itm) 2. (41)
-

15



The limit of the Mx, -ratio from Theorem 10 leads to a limiting inversion in (40) as

% /oo {p0¢a1Z1 (t) (b—aoZO (t) + (1 — po) ¢a2Z2 (t) ¢—aoZo (t)} dt

where ¢ () denotes a characteristic function, agZy ~ ﬁx%,l, a1Zy ~ mx2(3,2n2), and

asZy ~ mx2 (5,2n2) . The limiting ratio is therefore

m{pofalzlfaozo (O) + (1 - pU) f02Z2*a0Z0 (0)} ’

which is (39) upon using Lemma 7.

The proof that (39) agrees analytically with the right side of (29) is deferred to the
Appendix §7.4. =

Relative errors for the second order approximations, with the cdf given in (17) and the
density given in (20), are also uniform in the right tail. The additional correction terms for
second order cdf remain bounded as » — r. This occurs because k3, k4 and @ have finite
nonzero limits and because the last term @2 — 0. Some additional work is needed to deal
with the last two terms in (21), the correction term of (20). From the asymptotics in §7.3,
one can show that

J9(8) =0 (&)

r

as § — oo or € — 0. Using /K% (8) = O (€), then these last two terms converge to nonzero

values as € — 0.

3.2 Multiple Eigenvalue )\, (r) =0

In this setting, the asymptotics depend on the relative rates of convergence to zero for the
multiple eigenvalues of A —rB that approach 0 as » — r. If m denotes its multiplicity, then
m > 1 by definition of r. The allowable values for m are 1 < m < n—1 but not m = n. This
latter value would make lim,_,(A —7B) = 0 in which case the distribution of R approaches
a degenerate distribution by Lemma 2. For unbounded ratios in Case 2(c), the value of m
is the dimension of the null space for Cag, whereas for ratios in B the value of m is less

transparent.

16



We must first determine the relative rates at which the m largest eigenvalues of A —rB
vanish as r — r in the two separate settings, r < oo and r = oco. For the former setting,
general formulae for these relative rates are given in the next lemma. When r = oo, the

relative rates must be determined on a case by case basis.

Lemma 12 Suppose r < oo and 0 is an eigenvalue of multiplicity m for A — rB. Let
the columns of n x m matrix Ug be an orthonormal basis for the null space of A — rB.

Furthermore, denote the ordered eigenvalues of UyBUjy as
0<mm-ms1 < < T

If 7, > 0, then the limiting relative rates of convergence to zero for the largest m eigenvalues

of A —rB are
X)) om
1 = — =uwj 42
rll{}' An (7") n W ( )

fori=n—m+1,...,n where 0 <wp_mi1 < <w, =1.

For the most common case in which B > 0, then 7,41 > 0 so that wyp—my1 > 0.

Proof. The results follow by using theorem 13 in Magnus and Neudecker (1988, p. 167)
that has been taken from Lancaster (1964). A nontrivial requirement for using this result
is that all the eigenvalues of A — rB have only linear elementary divisors; this holds in our
setting since the matrix is symmetric.

Theorem 13 states that the m derivatives {O\; () /Or|r=r} assume values as the eigen-
values of —U{BUyj. Using L’Hospital’s rule,

. Ai(r) . ONi(r)/or
Him ) o, (r) Jor

which are ratios of {—7;}. The larger the eigenvalue, the greater its rate of decrease to 0 has
to be to catch up with the others as » — r. Therefore these rates are the ratios of 7;-values
specified in (42). m

In case 2(c) for which r = oo, the results of Lancaster (1964) cannot be applied directly
since the components of the matrix A —rB are not analytic at » = co. A partial result may

be obtained by reparametrizing
D(Ee)=(A-rB)/r=cA—-B (43)
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and letting ¢ — 0. If {)\; (¢)} denote the ordered eigenvalues of A — & !B then
pi(e) = eli(e) (44)
are the ordered eigenvalues of (43).

Lemma 13 Consider case 2(c) in which r = oo and assume that the zero eigenvalue has
multiplicity m. Then Ap—m+1 (r), ..., A\ (r) are analytic at r = oo. If A, (c0) > 0 then the

relative rates of convergence are

o ON; (€) JOele=o  01; () /O€?|c=0 (45)
0N (€) JOele=0 0%y, (g) JO2|c=0

fori=n—m+1,...,n.

Proof. Whereas m eigenvalues among {); (¢)} converge to zero as ¢ — 0, now p > m
eigenvalues of D(e) converge to zero as ¢ — 0. Lancaster’s (1964) results may be applied
to determine {¢} (0)} for the p zero roots of D(0). This leads to ¢.(0) =0 for i =n —m +
1,...,n. To see this, note that Lancaster’s results specify these derivatives as the eigenvalues
of

OB3A0pB: = Cx

or the elements of A for the p — m smallest and zero for the m largest.
Lancaster’s results also assure that {1;(¢)} are analytic functions at ¢ = 0. Since 9/;(0) =

0 for ¢ > n — m + 1 then their Taylor expansions are
vile) = e2¢7(0)/2+ O(<?)
which yields Taylor expansion for \; (¢) as
Xi () = €9 (0)/2 + O(?). (46)

Hence {\;(¢)} are analytic at € = 0 and {\;(r)} are analytic at » = co. The relative rates
of convergence are now determined from the leading terms in (46) or alternatively by using
L’Hospital’s rule applied to (44). Both of these arguments lead to the expressions in (45).
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The limiting noncentrality parameters {vp; : i =n —m+1,...,n} are more difficult to
determine for m > 2 because they are expressed in terms of the limiting eigenvectors
associated with the eigenvalues that vanish. In the case r < oo, it is intuitively clear, and
Lancaster (1964) has shown formally that these eigenvectors are smoothly defined as r — r.
Let Py, be n x m and denote the last m columns of P/, which are the eigenvectors for the
m largest eigenvalues of (A — rB) ( which increase in size with column number). Then Pa,

is continuous at r = r and the limiting noncentrality parameters are

(VO,nferl? ceey VO,H), = P,2r:U/ (47)

In the unbounded setting with r = oo, let n X m matrix Ps. consist of the eigenvectors
corresponding to the largest m eigenvalues of D(¢) in (43). Then the limiting noncentrality
parameters are given in (47) with Pgg = lim._,g P2, replacing Py,. In complicated practical
examples in which these computations are not explicit, these limiting eigenvectors are best

computed numerically by taking € small, for example € = 107 or r =r — 107".

Example 14 The least squares estimate of a lag 2 serial correlation with n = 3 and zero

mean has the form R = e1e3/€3 and leads to the matrix

-1 0 3¢ P_(e)
D()=eA-B=| 0 0 0 |=Q. 0 0 0 Q.
3¢ 0 0 0 0 wy(e)
where
2_(e)/e 0 2¢(e)/e
Q. = 0 1 0 Yi(e) = -1 £33/ + &)

The eigenvectors in matriz QL have not been normalized as would be needed to use the

notation PL. The limits of the eigenvalues are

il_r% {1#7(8)» 0, ¢+(€)} - (_17 0, 0)

19



and the limiting normed eigenvectors have P. — I3 as e — 0. Note that 01 (g)/0e|e=o = 0.

Also the eigenvalues of

00 3 00
, 010 00
Op,AOB; = 000 10 |=
001 00
100 0 1

are both zero as discussed in Lemma 15. The limiting rate

we = lim A2 (r) :limézizo.
r—00 \3 (7“) e—0 82’([)4_ (6) /862 1/2

The limiting noncentrality parameters are

V02 Py 010 - M2

103 0 0 1 s
In this context the derivations for the relative errors become rather messy due to their
dependence on {w;,vp;}. The derivations, however, are identical to those in the simple
eigenvalue setting, except for the modifications needed to account for these differential rates
of convergence. We shall briefly demonstrate these modifications in the next lemma and

then simply state all the results without details since the proofs lend little further insight.

All summations in the remainder of this subsection are over S = {n —m+1,...,n}.

Lemma 15 Suppose R is in class Cr and let m be the multiplicity of the zero eigenvalue
of A—rB. Then, asr —r,
e=M (1) = Ay (r) =0

and

§=—+0(1) — oo, (48)

where tg is the unique solution to

V2
UL + ot 49
2to ZZ { 1 — 2tgw; (1 — 2t0wi)2 } ( )

in (0,1/2) with S ={n —m+1,...,n}. In addition,

O_f

i { S } (50)
U — uyg = .
e 1— 2t0wz)2 (1 — 2tow;)?
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Proof. The saddlepoint equation in this instance, with f/ € replacing 3§, is

_ — /\i /\i/e /\il/f/e
0=¢ [; {6275)\1_ +O(€)}+iezs{12£>\i/€ + (1_2%/6)2}] . (51)

1

Passing to the limit using A\;/e — w; for i € S, then it may be seen that the right side of
(51) in the square brackets converges to the equation of (49). There is a unique solution ¢y
to this equation because the right side of (49) is strictly increasing in ¢y and maps (0,1/2)

onto (—o0, 00). The remainder of the proof is straightforward. m

Theorem 16 Suppose n > 2, and the conditions of Lemma 15. Define operator Dy (X) to
be the density of random variable X evaluated at zero. Then the limiting ratio of the true
tail probability for R to its first order Lugannani and Rice approximation in (14) is

. Pr(R>r 1
lim g =V2mDy {ZnnXQ (1,2m9) — —X%—m+2} (52)

r—r PI‘1 (R > 7“) ics QU[)

where the x? terms are independent random variables. Parameters ny; and ng; fori € S are

2
towi Vy;

e = UuQ (1 - 2t0wi) f2e = 2 (1 - 2t0wi)'
In the case m = 1, this result reduces to that in Theorem 10.

The comparable result for the density requires some further notation. Let

H, = lim,_,, P,BP, = (h;;) and define

W, = Z hiinsi + Z Z Yoivon3inzjhi; > 0
i€S €S JES

where 73; = (1 — 2tow;) "

Theorem 17 Under the conditions of Theorem 16, the limiting ratio for the density ap-

proximation is

. fr(1) V2m 2 2 Ly
lim =——= = — E hiinsi D E ix“ (1, 2m25) + nui +
Lm () W, i13iJ0 msix~ (1, 2m25) + mixa 2uOanm

€S jes

1
DD voirojmsinaihii Do {Z max? (L, 2021) + 11iX3 +myx3 — Exi—m} :
ies jes kes 0

where all x? variates are assumed to be independent.
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In the case m = 1, this can be shown equivalent to the result of Theorem 11. In showing

this, we must use the fact that

X2 (1,2m2) + X3 = X* (1 +2,2m,)

as given in Johnson and Kotz (1970, p. 132)

4 Noncentral Beta (%, %) Distribution
This distribution has

I, O
A=

0 O

and B =1, so that r =1 and w; = 1. This leads to the explicit expression

t0:%+%{(0—m)—\/(e—m)2+40n},

where
m
0 = Z vh; = ZM% :
= i=1
Furthermore,
u nm+2t2{ m__y 2 }
0=4]——F5— .
2 Pl —2t0)" (1 2t0)°
Theorem 18 For a noncentral Beta (%, %) with min (m,n —m) > 1, the limiting ratio

of the true tail probability to its first order Lugannani and Rice approximation is

V2 (1= 2t0)2 (2t0) 2 uge ™
Ry - LR B0k (555 (53
B (3, m5") =5 27272
where
0
o2t

The first order saddlepoint density has the same relative error limit.
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Proof. The proof follows the general flow of the single eigenvalue proof. For the density

approximation, an intermediate result is that

moyq nom_y o 151 (%9%+13g)
REgen =V2m (1 —2t) 27" (2tg) 2~ wuge Po—p (2 oomym
2° 2 )2
o) (1—2to) 1 Fy (3+12+29)
B(3+1,%5%) (3 +1 ’
where
(1 —2tp) Zies hi; (1 — 2t0) m

p — p— .
0 (1 — Qt[)) ZiES hi; + ZiES Z]ES VOiVthij (1 - 2t0) m+ 6

The same recursions for the confluent hypergeometric function, used in Theorem 11, lead

to a simplification of this result so that REqe, is as given in (53). ®

In the central setting with = 0, the value in (53) reduces to

RE:B(%,%) /B (%%) (54)

This is consistent with the computation of the central Beta(%, %) density in Example 5.

As 0 — oo, the limiting ratio for (53) is

I (% %) iy <% ";m> {1+0(071)}

which follows from the asymptotics for 1 F} given in 13.1.4 of Abramowitz and Stegun (1972).

The limiting ratio in (53) has a relationship with the Laplace approximation to 1F}

given in Butler and Wood (2002, eqn. 11). Suppose (53) is rewritten as

n m 0
REcat = v (0) 1F1 (§,§,§>

where v (0) is the leading factor from (53). Denote R/Ecdf as 7y (0) \Fy where 1 F} is the

Laplace approximation for ; F from Butler and Wood (2002). Then R/,Ecdf no longer depends

on # and has a constant value as the ratio in (54). Thus

. (n m 0 1 ~/m n—m m n—m
Fil= == )|=—B|— Bl — )
A (5903) =52 (3777 2 (3°77)
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5 Serial Correlations

Least squares, Yule-Walker, and Burg estimates for lag [ correlations without the sample

mean have the respective forms

Y e S e _ S i
b=S57s  Bw=So e =g s 3 (55)
D e € i=1 6 2 ZieI € + Zi:l—i—l €

where 7 = {1,...,l,n—1+1,...,n}. Estimator R is in class Cr—B whereas the other

two are in B. All are represented in the large sample space asymptotics.

5.1 Least Squares Estimates

For estimator Rjs, Og = I, and Cqo = 0 so Ry, is in both Cx and Cz. The multiplicity of

the zero eigenvalue at r = co is m = |.

Example 19 Consider R;s with n =7 and | = 3 = m. The matriz D (¢) admits 3 eigen-

values
0 < 95(e) = Ye(e) < ()

which converge to 0 as € — 0. For each 9(0) = 1/2 so the relative rates are ws = wg =

wy = 1. The limiting noncentrality parameters are (us, ii6, m)'.

Example 20 Consider the previous example but suppose ei is excluded from the denomi-

nator so the estimator is R = Z?Zl €i€it+3/ Z?:l 612. In this instance | = 3 but m = 2. The

matrix

Co =

s} s} (e}
(e} o s} (e}
(e} o s} (e}
(e} o S =

N|—

has eigenvalues —1/2,0,0, and 1/2. This R is in case 2(a) which is addressed in §7.5 of the

Appendizx.
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5.2 Yule-Walker and Burg Estimates

Some examples and results help to distinguish the simple and multiple eigenvalue settings
that may arise using the Yule-Walker estimates. Suppose that A; is the numerator matrix

for lag [ with the examples in (55).

Example 21 [ = 1. In such settings, the largest eigenvalue of A1 has multiplicity 1 and
the simple setting applies. This result follows from the next lemma and the fact that Ay is

an rreducible matriz.

Lemma 22 Consider a Yule-Walker ratio with general lag | and suppose that the n X n
matriz Ay is irreducible. Then the simpler settings of Theorems 10 and 11 apply for large

sample space relative errors.

Proof. Consider the n components as states of a Markov chain with transition matrix
as A;. All states communicate and the period of the chain must be 2 since step [ followed by
step —[ returns to any state. By the Perron-Frobenius theorem (Seneta, 1981, thm. 1.7),
the 2 eigenvalues of A; attaining the largest magnitude must be opposites that differ by the

factor —1. m

Example 23 n = 5 and l = 2. The 5 X b matriz As is not irreducible and consists of
two irreducible subchains with states {1,3,5} and {2,4}. The 5 eigenvalues are 0, £1/2,
+1/v/2. The support of R is (—1/\/5, 1/\/5) and the largest eigenvalue is simple.

Example 24 n = 8 and |l = 3. The 8 x 8 matriz As is not irreducible and consists of
three irreducible subchains with states {1,4,7},{2,5,8} and {3,6}. The 8 eigenvalues, with
their multiplicities in parentheses, are 0(2), £1/2(2), and +1/v/2(2). The support of R is
(=1/v/2,1/V/2) and the largest eigenvalue has multiplicity 2 so Theorems 16 and 17 are

applicable.

The irreducibility assumption of Lemma 22 guarantees the simple situation for the Yule-
Walker estimate. When A; is not irreducible, both simple and multiple eigenvalue settings

are commaorn.
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Example 25 The Burg estimator with n = 6 and | = 2 has support (—1,1). The largest

eigenvalue of A—rB has multiplicity 2 and is

)\5(7"):)\6(7"):—%7”4-%\/7"2—1-8 10 as r — 1.
Thus ws = wg = 1. The null space of A — B has orthonormal basis given by the rows of

o1 f{o10101
-
3\ 101010

which delineates the communicating states with lag 2.

6 Numerical Example

In practice, serial correlations with arbitrary lag [ are computed from least squares resid-
uals and this often assures in practice that the largest eigenvalue of A — rB has algebraic
multiplicity one. Thus the simpler situation for the large deviation errors occurs most often
in practical data analysis.

Numerical confirmation of the large deviation errors in Theorems 10 and 11 is possible
by considering the simplest model of §2.1. This is the least squares estimate of lag one with
n = 2 in a model without a location effect. Then R = ey/e; with ¢; indop N (@i, 1). The

exact density can be expressed as
L[ 2 1 2
fr(r) = o |x|exp{ —= (& — pu1)” p exp —3 (re—p2)° pde (56)

N Lo o ] A G+ rpn)
= (m6) exp{ 2(u1+u2)}+ 555

N =

where

2 o mtTae N 1 (ar— pp)”
6=14r% 9—erf<7\/% ), )\—exp< 5 5 .

From Theorem 10, the limiting relative errors in the left and right tails are dependent on
vp alone; in both tails this value is 1y = us so that the limiting relative errors are the same
in both tails regardless of the values of u; and pe.

Density (56) is both heavy tailed and bimodal for p; = 0.2 and pe = 2. Figure 1 plots

the exact density, the normalized version of fR in (18) denoted as fr, and the second order
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saddlepoint ng in (20) for this case. While both appear highly accurate in the tails, only the
latter captures the bimodality. Figure 2 plots the ratio of the exact to the three approximate
densities including fR, fr and ng. As |r| increases, we have numerically confirmed that
fr(r) / fr(r) — 0.8222, in agreement with the value computed from Theorems 10 and 11.
This value is virtually achieved at |r| = 10. Both fr and ng perform better than fR in the
tails, the latter most notably so.

The true cdf of R, or Fg (r), must be computed from (56) using numerical integration.
In this case, |r| must be substantially larger before the same limiting ratio, as specified in

Theorem 10, is reached. Figure 3 plots

o

R (7) 1 —Fp(r)
~ ].§ ++1§ S. T 57
(r) {8<0} 1~ Fp(r) {§>0} V (57)

with Fg (r) as Pry in (17) and as Pr; in (14). For these values of p;, Pr; is more accurate

=

than Pry only in the range —1.8 < r < 1.2. At r = —25,000, Fg (r) / Fgr(r) = 0.8226 for
f’}l, as given by Theorem 10, while for 1/3}2 the ratio is 1.015. This latter ratio necessarily
includes the factor (1+Opr) where O approximates the limit of the second-order correction
term.

If uy = pe =0, R is Cauchy, and the saddlepoint density reduces to

1 m
fr(r) = NS \/;fR (r).

Thus fg is exact and the saddlepoint solution to 0 = K% (3) is given by § = r. The relative
error is,

2 B(1/2,1/2)

fr(r) [ fr(r) = T " B(/2.1/)

in agreement with the large sample space theory. In this case, the values for @ and @ in the

Lugannani-Rice formula reduce to

w = sgn(r)/In (1 +12), {L:r(1+r2)—1/2.
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7 Appendix

7.1 Proofs for Lemmas
7.1.1 Lemma 3

Consider case 2(a) of Lemma 3. Transform (z},25) = ¢ O and rewrite

lecllzl + 2Z/1012Z2 + Zl2022z2

R =
leAle

(58)

Let the the angle between zo and the eigenvector for the positive eigenvalue of Cy be
sufficiently small. As ||z2|| — oo, then R — oo and establishes part (a).

If Cy2 < 0, R in (58) is concave in zy for fixed z; and attains a maximum at Zo =
—C2_21021Z1 with R value

'(Cq1 — C12C,, C
r_ aCu z’_/i2 2 Co1)z1 (59)
1/ABZ1

Now the maximum value of R in (59) over z; is specified in (6) of case 2(b).

If Cy < 0 as in case (c), then further transform z, to (z5,2z)) = 250 and rewrite
z/lcnzl + 2Z/1012(001Z3 + OCQZ4) + ZéA0Z3

z| Az, '
If N(Ca3) C N(Cj2) then C120¢c2 = 0. Now R is concave in z3 due to Ac < 0 and the

R=

successive maximization of R over z3 and z; leads to the maximum in part (c). In the
event that C120¢2 # 0, then sequences of z4 values which increase z)C120¢2z4 lead to

unbounded support for R.

7.1.2 Lemma 4

Explanations are needed only for cases 2(a) and 2(c) in instances with r = co. For case 2(a)
in which Cyy has a positive eigenvalue, then \,(r) cannot converge to 0 as r — oo. To show

this, note that the eigenvalues of (A — rB) are also the eigenvalues of
I,., O I,., O
Q=("" Op(A-rB)Og | "
0 Oc 0 fe

Cll — TAB Clgolc
OcCa Ac
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Suppose the positive eigenvalue of Cag is the last diagonal element of Ac or the (n,n)

element of Q.. If &, is the n-vector with a 1 in its last component and zeros elsewhere, then

An(r) > €.Qr&n = (Ac)pp > 0

for all r. Thus A\, (r) - 0 if Ac has a positive eigenvalue.
Case 2(c) requires further decomposition of Cyo. The eigenvalues of A —rB are now the

eigenvalues of

Ci1—rAp C120c1 C120c¢2
Q=| 0,Cu  Ac o | (61)

0:,Co1 0 Orxm
With the condition C120c2 = 0 , then 0 is an eigenvalue of multiplicity m for all r,
and for sufficiently large r, all the eigenvalues in (61) are non-positive; this confirms that
r < co. However, suppose C120¢c2 # 0 and, for example, the (1,n) element of Q, is the
value (Q;)1n > 0. Then for any r, a positive quadratic form in Q, can be constructed
that assures A, (r) > 0. To construct this quadratic form, let £; be the indicator of the 1st

component. For ¢ = ¢(r) > 0 sufficiently small and § = 7/2 — ¢, then

A (1) > (&1 cos 8 + &, sin 0)'Q,(€1 cos O + &, sin0)

= (Q,)11cos? 0 +2(Qy)1n cos O sinf > 0.

If (Qr)1n < O then take § = —7/2+¢. Thus, for finite r, A\, () > 0 but without r < oo, this
argument, fails.

For any r < oo, the multiplicity of the zero eigenvalue is at least the number of columns
in C120¢2 that are filled entirely with zeros. For each column having a nonzero entry,
the above argument may be used to show that an additional eigenvalue converges to zero.
Furthermore, with respect to the usual basis {£1, ..., &, }, the first n —m coordinates of the
eigenvectors for the largest m eigenvalues must all converge to zero as r — oo; thus the

largest m eigenvalues Ay—m41(7), ..., An(r) — 0 as r — oo and their associated eigenvectors

eventually span {&,—m+1,-.-,&n}-
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7.1.3 Lemma 8

The structure of Q, in (61) assures the following eigenstructure as r — oo: (i) the n—p small-
est eigenvalues are O(—r) with associated eigenvectors that eventually span {&1,...,&—p};
(ii) the p — m finite intermediate eigenvalues are the diagonal elements of Ac whose eigen-
vectors are eventually {&,—pt1, ..., &n—m} if the diagonal entries of Ac increase with indices;
and (iii) the largest eigenvalue is zero and has multiplicity m with vector space eventually
spanning {&,—m+1,-..,&n}. Clearly (i) must hold. The argument at the end of Lemma 4
proves that (iii) holds with at least multiplicity m. Now by exclusion the remaining eigen-
vectors must span {£,—pi1,...,&—m} resulting in (ii).
If m =1 then, as r — oo,

I,, O
0 O

0+ (A—-7B)Op & = (A —rB) Opaop,

where o, is the last column of Oy and Og20, is the eigenvector for A, (co0) = 0.

7.2 Derivation of (18)

Ratio R has the form R = V/W so that its density at r may be expressed as the density of a
"constructed” random variable Y, using the Geary (1944) representation for the density of
a ratio of random variables. This is the essential aspect to the approaches used by Daniels
(1954, Sec. 9) and later Lieberman (1994b). The density of R at r, or fr (r) for fixed value
r, can be expressed in terms of the density of random variable Y, at 0, or fy, (0), where Y,

is the “constructed” random variable associated with mgf

1 0

My, (s) = BGE] Myw (8,8)|,—_,. - (62)

The relationship is

fr(r) =& W) f, (0) (63)
and is developed in Stuart and Ord (1994, Sec. 11.10). Density fy. (0) is easily approximated
with fyr (0), its saddlepoint approximation as in Daniels’ (1954); a density approximation

for fr(r) is therefore

fr(r) =& (W) fy, (0) (64)



which is Daniels (1954, §9) approximation.

The joint mgf of (V, W) required in (62) is easily computed as
1 _
M(s,t) = Myw (s,t) = || 2 exp {34/ (L,—Q7") u}

where Q =1, — 2(sA +tB). Take 0/0t by using the chain rule and the rules of matrix

differentiation and evaluate this at ¢ = —rs to get
OM(s,t 1 —_ 1 —_
78(15 ) lie—rs = |Es| 2 exp {s,u’:.s 1DT;/J} {p/.:s 1B.:8 Lt tr =, 1B} (65)

where E4=I-2sD, and D, = A—rB. The canonical reduction P,D,P.= A, also applies

to Es and is used to rewrite (65) in the simpler form

OM (s, 1)

2 lt=—rs = |I—28AT’_% exp {SV; (I-2sA,) " ATVT} JIr (s)

= Mx, (s) J (s) (66)

with J, (s) given in (19) and Mx, (s) in (11).
The expression in (66) provides a saddlepoint approximation for the density of Y, at 0

as required in (64). First note that

_ OM(s,1)

EW) Y

’t:f'rsz[) = J’r (O) 5

so we see that the mgf of Y, is

My, (s) = Mx, (s) (67)

and the cgf is therefore Kx, (s) +1In[J, (s) /Jr (0)]. We may ignore the second term in this
expression when determining the saddlepoint since K, (s) is strictly convex and clearly
the dominant term in the expression. By doing so we also assure that the saddlepoint at r
for the density approximation is the same as the saddlepoint used for the cdf approximation

at r. Following this approach, then

as specified in (18).
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7.3 Dominating function for (32)

The norm of the first factor of the integrand in (32) is

1 1
2\ 2\ 72
<1 + 225 2) < <1 + c—%> (68)
for some ¢? > u3 and sufficiently large r. The centrality factors inside the My, -ratio norm
,% n 9\9 .
H { At°N; }
- - (1—28\)2

t? ‘an1 £2\ 72
YTy
“ €

for sufficiently large r where ¢ > 1/ (477%) . This holds because of the convergence shown

are bounded as

11

i=1

=

1—-2(5+idt/o) A
1—238)\

n (34). The norm for the i*" noncentrality term in the My, -ratio involves only the real

portion of the exponent in (35) or

v; 1—238\ 1 <0
2\ (1—280)% +4202/62  1-23)\; ) =
for all 7. Thus all the noncentrality terms have norms bounded above by 1. The dominating

function is the product of expressions (69) and (68) which is integrable.

7.4 Results for Theorem 11

Denote the components of H, as H,= (h;;) . Consider J, (s) as a function of complex variable

at the two values s = § +it/d or §. At either point we have

_ hijviv;
JT(S)_Zl—Qs)\ *ZZ (T —2s\;) (1 —2s\;) (70)
2

1—=25An  (1—2s),)>

as € — 0. At s = §4it/6 and for i = 1,...,n — 1, each term (1 —2s\;)"" is uniformly
bounded in ¢, for sufficiently large r, and each term also converges to zero. The i =j =n

terms are retained in (71) and are bounded. Thus ||J, (§ + it/5)|| is bounded and J, (8)
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stays bounded away from zero so the dominating converge theorem can be used. A simple

computation shows

1 Vg
" { (1 —2tp) (1 — 2itm) + (1— 2t0)2 (1- Qitnl)z} ) (72)

and the limiting behavior of J, (§) is determined by setting ¢t = 0 in (72). The limiting ratio
n (41) now follows.

To show that (39) agrees analytically with the right side of (29), two different recursions
for the confluent hypergeometric function are used. Expression 13.4.7 of Abramowitz and

Stegun (1972), taken with a = n/2 and b = 3/2, leads to the recursion

g D M0\ (2 n.3 % n_Ln
3 1F1(2+12 2) (v 1)1F1<22 2>+1F1(2 Lgig ) (73)

The expression in the curly braces of (39) may be reduced to
2(1,;2t0)r(%) (22 % +n—V(2)1F1 E+1;§;V—§ :
VAL (251) (1= 2t0 + 142) 272 2 3 2 27 2
After substitution of (73), this becomes

AT 25ﬁo)+uo> {(hm (339)+m (5-up9)) o

Recursion 13.4.4 of Abramowitz and Stegun (1972) is now used with a =n/2 and b =1/2

2 2 2

5 n 3 v n 1 vy n 1 vy
F(22%) 2 g (2 B A P

”011(2’2’2> (22 2> 11(2 D

Upon substitution, (74) becomes

2(1—2to)T (%) n 13
VAT (551) (1 =2t + 1) 1 <2 2’ 2> (75)

With (75) used in the curly braces of (39), then (39) simplifies to (29) using simple algebra.

so that

7.5 Relative Errors for Case 2(a) of Lemma 3

The F 1 example of §2 provides a simple example that illustrates the asymptotics involved
in this case. For finite r, the cgf admits saddlepoint § solving

1 r 1 1
_K/ o
0=K() =19 " T72s "1-25 22 (76)
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as r — oo. The solution to (76) at r = oo is § = 1/4 which is well inside the edge of the
convergence strip at 1/2. This is the same asymptotics as occurs with Satterthwaite F-type
ratios as detailed in Butler and Paolella (2002). Because § stops short of the edge of the
convergence strip, @ also converges to a finite limit as r — co. However, the value w — oo .

More generally, suppose Ap(r) - 0 as r — oo. Here, A\y—py1(7), ..., Ap(r) converge to
the ordered entries in Ac denoted as Ap—pp1 < -+ < Ay > 0and Ai(7),..., Ap—p(r) — —o0.

Then as r — oo, the saddlepoint solution to (13) approaches S, the solution to

0=-2-P, i N (14 e (77)
26 1250 0T 12800 )

where {vjo} are the limiting noncentrality parameters. The right side of (77) is a strictly
increasing function of $o that maps (0,1/(2),)) into (—oo,00) and its root is the upper
bound to the saddlepoint which is well below 1/(2);,) the right edge of the convergence
strip. For the Fj ; example, this root is 1/4.

The remaining asymptotics for the right tail in this case are given in Butler and Paolella

(2002) where an explicit value for the limiting relative error has also been derived.
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Figure 1. Exact density fr (solid), second order fro (dashed), and normalized fr (dotted)

approximations.
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Figure 2. Error ratios fr/fre (dashed), fr/fr (dashed-dot) and fr/fr (dotted).
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Figure 3. The tail error ratios described in (57) for Fp = Pry (dashed) and F = Pry
(dash-dot).
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