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THE STABILIZED PROBABILITY PLOT 

By John R. Michael 

Department  o f  S t a t i s t i c s ,  S o u t h e r n  M e t h o d i s t  U n i v e r s i t y  

SUMMARY 

The s t a b i l i z e d  p r o b a b i l i t y  p l o t  o r  SP p l o t  i s  in t roduced.  An a t t r a c t i v e  

f e a t u r e  o f  the  SP p l o t  t h a t  enhances i t s  i n t e r p r e t a b i l i t y  i s  t h a t  t he  v a r i -  

ances o f  t he  p l o t t e d  p o i n t s  a r e  approx imate ly  equal .  Th is  prompts t he  d e f i n i -  

t i o n  o f  a  new and power fu l  goodness -o f - f i t  s t a t i s t i c  D which, analogous t o  
s  P 

t he  s tandard Kolmogorov-Smirnov s t a t i s t i c  D, i s  d e f i n e d  t o  be the  maximum 

deviatmion o f  t h e  p l o t t e d  p o i n t s  from t h e i r  t h e o r e t i c a l  values. Using e i t h e r  

D o r  D i t  i s  shown how t o  cons t ruc t  acceptance reg ions f o r  QQ, PP, and SP 
s P 

p l o t s .  Acceptance reg ions  can h e l p  remove much o f  t h e  s u b j e c t i v i t y  f rom the  

i n t e r p r e t a t i o n  o f  these p r o b a b i l i t y  p l o t s .  

Some Key Words: Goodness-of- f i t; Graphica l  methods ; Kolmogorov-Smi rnov 
s t a t i s t i c ;  Percent-Percent p l o t ;  Quan t i l e -Quan t i  l e  p l o t ;  Var iance 
s t a b i l i z i n g  t r ans fo rma t i on .  



1 .  INTRODUCTION 

Le t  y l  < y2  5 ... 2 yn be t h e  r e a l i z a t i o n  o f  an o rdered  random sample 

o f  s i z e  n  f rom t h e  d i s t r i b u t i o n  F. A  q u a n t i l e - q u a n t i l e  p l o t  o r  QQ p l o t  f o r  

a  cont inuous hypothes ized l o c a t i o n - s c a l e  d i s t r i b u t i o n  F  { ( y - p ) / a )  i s  cons t ruc t -  
0  

ed  by p l o t t i n g  each sample q u a n t i l e  y i  versus a  cor responding t h e o r e t i c a l  

- 1 
s tandard  q u a n t i l e  xi=FO ( t i ) ,  where t i s  an a p p r o p r i a t e  cumu la t i ve  propor-  i 

t i o n .  We w i l l  choose t i  = ( i - . 5 ) / n .  S i m i l a r l y ,  a  percen t -percen t  p l o t  o r  PP 

p l o t  i s  cons t ruc ted  by p l o t t i n g  each p r o b a b i l i t y - i n t e g r a l - t r a n s f o r m e d  va lue  

u  = F I ( y . - p ) l a }  versus the  u n i f o r m  quant  i l e  ti. I f p  and o a r e  unknown, they i 0 1  

a r e  rep laced  by maximum l i k e l i h o o d  es t imates .  See W i l k  & Gnanadesikan (1968) 

f o r  a  d i scuss ion  o f  QQ and PP p l o t s .  

A  common occurrance w i t h  QQ p l o t s  i s  t h a t  c e r t a i n  p o i n t s ,  determined by 

F, a r e  much more v a r i a b l e  than  o the rs .  For example, when F  i s  normal t h e  

p o i n t s  neares t  t h e  m idd le  o f  t h e  p l o t  have t h e  s m a l l e s t  va r iances .  The 

o p p o s i t e  i s  t r u e  f o r  PP p l o t s  when F  = F, regard less  o f  t h e  fo rm o f  F. A  
0  

t r a n s f o r m a t i o n  i s  now descr ibed  which s t a b i l i z e s  t h e  va r iances  o f  t h e  p l o t t e d  

p o i n t s .  'This enhances t h e  i n t e r p r e t a b i l i t y  o f  t h e  p l o t  and prompts t h e  def -  

i n i t i o n  o f  a  new and power fu l  g r a p h i c a l  goodness -o f - f i t  t e s t .  

2. THE STABILIZED PROBABILITY PLOT 

When F  = F  and p and a  a r e  known, p i  can be regarded as t h e  r e a l i z a t i o n  
0  

o f  a  un i f o rm  o r d e r  s t a t i s t i c .  I f  parameters a r e  e f f i c i e n t l y  es t imated ,  t h i s  

i s  t r u e  asympto t i ca l  l y .  The a r c  s i n e  t r a n s f o r m a t i o n  can be used t o  s t a b i l  i z e  

t h e  va r i ance  o f  a  un i f o rm  o r d e r  s t a t i s t i c  j u s t  as i t  does f o r  a  b inomia l  

random v a r i a b l e .  

Suppose we l e t  S = ( 2 / r ) a r c s  i n  (u? where U  has t h e  u n i f o r m  (9 , l )  d i s t r i -  

b u t i o n .  Then t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  S i s  g i v e n  by ( n /2 ) s i n (ns )  



f o r  0  - < s  - < 1. Th is  d i s t r i b u t i o n  w i l l  be termed the  s i n e  d i s t r i b u t i o n  

s i nce  t h e  d e n s i t y  f u n c t i o n  i s  p r o p o r t i o n a l  t o  a  h a l f - c y c l e  o f  a  s i n e  

wave. The s i n e  d i s t r i b u t i o n  has t h e  i n t e r e s t i n g  p rope r t y  than  i t s  o r d e r  

s t a t i s t i c s  have t h e  same asympto t i c  var iance:  i f  S1 - < S2 - < . . . - < Sn i s  an 

o rdered  random sample f rom t h e  s i n e  d i s t r i b u t i o n ,  then  as n- and i / n  + p  

2  t h e  asympto t i c  va r iance  o f  nSi i s  1 /n  , independent o f  p. 

The s t a b i l i z e d  p r o b a b i l i t y  p l o t  o r  SP p l o t  i s  now def ined as t h e  

p l o t  o f  each si=(2/s) a r c s i n  (uif) versus ri = (Z/n) a r c s i n  ( t i4) .  If 

Fo = F and u  and o  a r e  known, ri i s  t h e  mode o f  Si . P l o t t i n g  formul as 

a re  summarized i n  Tab1 e  1. 

type p l o t  

QQ 

P P  

SP 

Table 1  

Formulas f o r  Cons t ruc t i ng  P r o b a b i l i t y  P l o t s  

abc i  ssa ordl 'nate 

1  
xi = Fg { ( i - . 5 ) / n }  Y i 

ti = ( I - . 5 ) / n  'i = F ~ ~ ( Y ~ - u ) / ~ }  

ri = ( 2 / n ) a r c s i n  [ { ( i -  . 5 ) / r 1 } ~ 1  si = (2/n)arcsin[~${(,y~-u)/a)l 

3. A  NEW GOODNESS-OF-FIT STATISTIC 

The s tandard  Kolmogorov-Smi rnov  s t a t i s t i c  can be expressed as 

D = maxl t i - u  I + .5/n. Analogous t o  D we now def ine t he  s t a t i s t i c  
1  < i  <n 1 
- - 

= max 1 ri-si lwhich can be used t o  t e s t  t h e  hypothes is  t h a t  F = Fo. 
D~~ I <i <n . . .  - - 

Exact  c r i t i c a l  p o i n t s  f o r  D  f o r  t e s t i n g  a  s imple hypo thes is  were 
s  P  

computed u s i n g  a  r e c u r s i v e  a l g o r i t h m  descr ibed  by Noe (1972).  These 

c r i t i c a l  p o i n t s  a re  g i ven  i n  Table 2  f o r  s e l e c t e d  va lues o f  n  - < 100. 

Note t h e  p e c u l i a r  l a c k  o f  monotonic i  t y  i n  n  f o r  n  - < 3 and each a f . l o .  

For t h e  composite case o f  n o r m a l i t y  w i t h  bo th  u  and a  unknown, c r i t i c a l  

p o i n t s  were es t imated  us ing  Monte Ca r l o  methods. For s e l e c t e d  va lues  o f  
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n  - < 100, 10,000 independent samples were generated, t h e  s t a t i s t i c  D ca lcu-  
s  P 

l a t ed ,  and t he  app rop r i a te  sample quan t i  l e s  recorded. Est imated c r i t i c a l  

p o i n t s ,  smoothed f o r  n  > 5, a r e  a l s o  g iven  i n  Table 2. 

4. ACCEPTANCE REGIONS USING D AND D 
s  P 

Both D and D measure t h e  maximum d e v i a t i o n  o f  p l o t t e d  po in t s  f rom 
s  P 

t h e i  r t h e o r e t i c a l  va l  ues. There fo re  acceptance reg ions a r e  eas i l y  cons t ruc ted  

us ing  t he  app rop r i a te  c r i t i c a l  p o i n t s .  Formulas a re  g i ven  i n  Table 3 f o r  

t h r e e  types o f  p l o t s  f o r  each o f  t he  two s t a t i s t i c s .  O f  course f o r  a  p a r t i u -  

l a r  s t a t i s t i c  t h e  t e s t s  p rov ided  by t he  t h r e e  acceptance reg ions  a r e  equ i va len t .  

One can per form a  g raph i ca l  goodness -o f - f i t  t e s t  a t  t he  a - l e v e l  o f  s i g n i f i c a n c e  

by s imply  l ook ing  t o  see i f  a l l  t h e  p o i n t s  f a l l  i n s i d e  t h e  100(1-a)% acceptance 

reg ion .  

TABLE 3 

Formulas f o r  Cons t ruc t ing  100(1-a)% Acceptance Reg ions on Probab i l  i t y  P l o t s  
Using a - l eve l  C r i t i c a l  P o i n t s  d  and d  f o r  D and D Respec t i ve ly  

s  P S P '  

type p l o t  s t a t i s t i c  ~ 
QQ D y  = p + o F - ' { F ~ ( X )  o + ( d  - . 5 / n ) l  

P P D u  = t + (d  - .5/n) 

S P D 
2 s = ( ~ , ~ ) a ~ c s i n  [ { s i n  ( r r / 2 )  2 (d- .5/n) 

2  1 

Q Q 
Ds P 

y = p + o f i 1 ( s i n  [ a r c s i n { g ( x ) } + r r d  /2] ) 
s  P 

PP D 
2 u = s i n  {arcs in  (tL ) 2 ndsp/21 

s  P 



5. POWER COMPARISONS 

The power comparisons here  para1 l e l  those repo r t ed  by Stephens (1974). 

For t e s t i n g  a s imp le  n u l l  hypo thes is  a t  t h e  .10 l e v e l  o f  s i g n i f i c a n c e ,  exac t  

power f o r  D and D was computed us ing  t h e  r e c u r s i v e  a l g o r i t h m  o f  Noe (1972). 
s P 

Fol  l ow ing  Stephens (1974), t h r e e  fami 1 i e s  o f  a1 t e r n a t  i v e  d i s t r i b u t i o n s  were 

chosen, denoted A, B, and C, each parameter ized by k. For k = 1 each d i s t r i -  

b u t i o n  i s  un i f o rm  and as k increases each d i s t r i b u t i o n  becomes i n c r e a s i n g l y  

"nonuniform". For k > 1 fami l y  A has more probabi  1 i t y  near 0 than t h e  un i f o rm  

d i s t r i b u t i o n ,  B has more p r o b a b i l i t y  near  .5, and C has more p r o b a b i l i t y  near  

0 and 1 .  

Percentage power i s  shown i n  Tab le  4 f o r  D and D f o r  t h r e e  cho ices  o f  
s P 

k and t h r e e  d i f f e r e n t  sample s i zes .  For  D t h e  c r i t i c a l  p o i n t s  .369, ,265, 

and . I 89  were adapted f r om M i l l e r  (1956).  For  D t h e  c r i t i c a l  p o i n t s  .233, 
s P 

.179, and . I 34  were taken f rom Tab le  2. Compared t o  D, t h e  performance o f  

D i s  s l i g h t l y  b e t t e r  f o r  f a m i l y  A, much b e t t e r  f o r  f a m i l y  B, and somewhat 
s P 

worse f o r  fami l y  C. The power f i g u r e s  f o r  D can a l s o  be compared t o  those 
s P 

f o r  o t h e r  s t a t i s t i c s  r epo r t ed  by Stephens (1974) i n  h i s  Table 3. The power 

o f  D i s  r e l a t i v e l y  good f o r  f a m i l i e s  A and B, b u t  poor f o r  f a m i l y  C .  Thus 
s P 

when t e s t i n g  a s imp le  n u l l  hypo thes is  t h e  s t a t i s t i c  D i s  an improvement over  
s P 

2 
D, b u t  n o t  as good o v e r a l l  as, say, t h e  Watson s t a t i s t i c  U as r e p o r t e d  by 

Stephens (1974). The disadvantage o f  a s t a t i s t i c  such as u2 i s  t h a t  i t s  

acceptance r e g i o n  cannot be represented g r a p h i c a l l y  on a p r o b a b i l i t y  p l o t .  



TABLE 4 

Percentage Power When Testing For Uniformity On The 

f a m i l y  

U n i t  Interval : = . I o 

For t e s t i n g  t h e  composi te hypothes is  o f  n o r m a l i t y  a t  t h e  .05 l e v e l  o f  

s i g n i f i c a n c e  w i t h  b o t h  y and o unknown, power was es t ima ted  us ing  Monte 

Car lo  methods. Percentage power i s  shown i n  Tab le  5 f o r  twe lve  a l t e r n a t i v e  

d i s t r i b u t i o n s  and t h r e e  d i f f e r e n t  sample s i z e s .  For D t h e  c r i t i c a l  p o i n t s  

.262, .192, and . I 59  were c a l c u l a t e d  f rom Stephens (1974). Fo r  D t h e  
s P 

c r i t i c a l  p o i n t s  .145, .118, and . I 04  were taken from Table  2. Each p a i r  

o f  e n t r i e s  f o r  D and D i n  Table  5 i s  based on a d i f f e r e n t  s e t  o f  1000 
s P 

independent samples and represen ts  t h e  percentage o f  samples t h a t  were 

observed t o  be s i g n i f i c a n t .  I n  most ins tances D can be seen t o  be more 
s P 

power fu l  than D. The power f i g u r e s  f o r  D can be compared. t o  those o f  
s P 

o t h e r  s t a t i s t i c s  r e p o r t e d  by Stephens (1974) i n  h i s  Table  5. The s t a -  

t i s t i c  D i s  b e t t e r e d  o n l y  by t h e  Anderson-Darl i n g  S t a t i s t i c  and t h e  
s P 

Shapi ro-Wi lk  s t a t i s t i c  W. Even i n  these cases t h e  d i f f e r e n c e s  i n  power 

a r e  n o t  g rea t .  Again  t h e  reader i s  reminded t h a t  t h e  acceptance reg ions  

2 
f o r  s t a t i s t i c s  such as A and W cannot be represen ted  g r a p h i c a l l y  on a 

p r o b a b i l i t y  p l o t .  



TABLE 5 

Est imated Percentage Power when Tes t i ng  f o r  
Norma l i t y ;  p and o Unknown; ci = .05 

n=10 n=20 n=30 
D i s t r i b u t i o n  D D D D D D 

s  P s  P s  P 

Ch i -squared ( 1  ) 
Exponent ia l  
Chi -squa red (3 )  
Ch i -squared (4) 
Ch i -squared ( 1  0)  
Logno rma 1 
Un i form 
Lap 1 ace 
S tuden t - t  ( 1 )  
S tuden t - t  (3)  
S tuden t - t  (4)  
Student -  t (6) 

6. AN ILLUSTRATION WITH DISCUSSION 

We now i l l u s t r a t e  t h e  d i f f e r e n t  types o f  p l o t s  and acceptance reg ions 

us i ng  a sample o f  s i z e  20 t o  t e s t  t h e  composi te n u l l  hypo thes is  o f  no rma l i t y .  

The a c t u a l  sample va lues a r e  2.6, 2.7, 2.9, 3.0, 3.0, 3.1, 3.2, 3.4, 3.7, 3.7, 3.9, 

4.0, 4.2, 4.3, 4.3, 4.8, 4.8, 5.3, 6.6, and 7.6. The maximum l i k e l i h o o d  e s t i -  

mdtes f o r  p and o a r e  4.055 and 1.259 r e s p e c t i v e l y .  F i g u r e  1  shows QQ, PP, 

and SP p l o t s  o f  t h e  da ta  a l o n g  w i t h  95 percen t  acceptance reg ions  us ing  bo th  

D and D 
S P '  

The sample was se lec ted  f rom one o f  severa l  samples s imu la ted  f rom the  

exponen t i a l  d i s t r i b u t i o n  w i t h  l o c a t i o n  and s c a l e  parameters 2.5 and 1.0 

r e s p e c t i v e l y .  'Thus t h e  c o r r e c t  d e c i s i o n  here  i s  t o  r e j e c t  t h e  hypo thes is  

o f  normal i t y .  Note t h a t  we can indeed r e j e c t  t h e  nu1 1 hypo thes is  a t  t h e  

.05 l e v e l  o f  s i g n i f i c a n c e  i f  we use D b u t  we cannot do so i f  we use D. 
spy  

Th i s  i l l u s t r a t e s  t h e  inc rease  i n  power over  D t h a t  D p rov i des  when t e s t i n g  
s  P 



- 3 - 2 - 1 0 1 

s tandard  normal quant  i 1 es ( x )  

F I G U R E  1 :  P r o b a b i l i t y  p l o t s  w i t h  95% acceptance reg ions  based on 

D a n d D  : (a )  Q Q p l o t ,  (b) P P p l o t ,  (c) S P p l o t .  
s  P  
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( c )  SP plot 
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an exponent ia l  d i s t r i b u t i o n  f o r  no rma l i t y .  From Table  5 i n  the p rev ious  s e c t i o n  

we see t h a t  t h e  es t imated  percentage powers f o r  D and D i n  t h i s  s i t u a t i o n  
s  P 

a r e  60 and 81 respec t i ve l y .  

The SP p l o t  and t h e  PP p l o t  share many d e s i r a b l e  fea tu res .  The abc issas 

o f  t he  p o i n t s  depend on ly  upon t he  sample s i z e  and n o t  upon t he  hypothes ized 

d i s t r i b u t i o n .  The p o i n t s  always f a l l  w i t h i n  t he  u n i t  square and a r e  never 

bunched c l o s e l y  t oge the r  as w i t h  QQ p l o t s  f o r  c e r t a i n  d i s t r i b u t i o n s .  P l o t s  

us ing  d i f f e r e n t  hypothes ized d i s t r i b u t i o n s  can be juxtaposed and t he  f i t s  

e a s i l y  compared. Once f a m i l i a r  w i t h  SP o r  PP p l o t s ,  t he  user  need no t  r e o r i e n t  

h i m s e l f  t o  p l o t s  t h a t  appear markedly d i f f e r e n t  f o r  d i f f e r e n t  d i s t r i b u t i o n s ,  

as can QQ p l o t s .  

The SP p l o t  en joys two advantages over  t r a d i t i o n a l  probabi 1 i t y  p l o t s .  

The SP p l o t  i s  e a s i e r  t o  i n t e r p r e t  s i nce  t h e  var iances o f  t h e  o rd ina tes  

a r e  approx imate ly  equal.  Also, t h e  acceptance reg ion  based upon D can 
s  P 

be added t o  t h e  p l o t  by s imply  drawing two s t r a i g h t  l i n e s .  A l t e r n a t i v e l y ,  

t h e  observed v a l u e  o f  D can be read d i r e c t l y  f rom the  p l o t .  
s  P 

7. RELATED METHODS 

I t  i s  we1 1 known t h a t  t he  s tandard Kolmogorov-Smirnov s t a t  i s t i c  D f o r  

t e s t i n g  a s imp le  n u l l  hypo thes is  can be used t o  c o n s t r u c t  a  d i s t r i b u t i o n -  

f r e e  con f idence  band f o r  F. L e t t i n g  d be t h e  a - l e v e l  c r i t i c a l  p o i n t  and 

F be t h e  f a m i l i a r  emp i r i ca l  cumula t i ve  d i s t r i b u t i o n  f u n c t i o n ,  then a 
n 

100(1-a)% con f idence  band f o r  F i s  g i ven  by F +d. Note t h a t  such a 
n 

conf idence band i s  d i f f e r e n t  i n  na tu re  from t h e  acceptance reg ions  f o r  

p robab i l  i t y  p l o t s  discussed i n  Sec t ion  4, a1 though t h e r e  i s  a co r re -  

spondence: t h e  con f idence  band con ta ins  F i f  and o n l y  i f  t h e  acceptance 
0 

reg ion  con ta ins  a l l  the  p l o t t e d  p o i n t s .  B i c k e l  & Doksum (1977, page 383) 

discuss t h i s  techn ique  and i t s  extens ion t o  t h e  case o f  t he  normal d i s t r i -  

b u t  i o n  w i t h  unspec i f ied  parameters. lman (1982) cons t ruc t s  acceptance 
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