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1. Introduction

In a paper to appear in Zeitschrift fur Wahrscheinlichkeitstheorie

und Verwandte Gebiele, [21, Csorgo and Seshadri have characterized the

exponential, gamma and normal laws as also the Poisson process via mappings,
onto the unit interval, which are independent of the usually unknown para-
meters of these families of distribution functions. This paper concerns
the characterization of the normal distribution via a more general mapping
than mentioned in [2].

Consider (X, a) any measurable space and denote by P, the set of
probability distributions defined on o. Let (y, B) be another measurable
space and let Y = T(X), X € X be a measurable mapping of (X, o) onto (y, B).
With this mapping every distribution P ¢ P induces on B a corresponding
distribution which will be denoted by Q§ . We are concerned with mappings

Y which satisfy the following two properties:

. Y
P.1. Qz is the same for all P € P; in such a case we write QP

P.2. If for some P' on «a, QE,-= Q; then P' ¢ P.

For the purposes of the discussion in this paper, (X, a) will be an

*This research was sponsored by the Office of Naval Research, Contract No.
N00014-68-A-0515, Department of Statistics, Southern Methodist University.



n-dimensional Euclidean space of points X = (Xl, X2, vee Xn) with the
g-algebra of Borel sets and the distributions belonging to P have a product
probability density f(xl, e)f(xz, g) oo~ f(xn, 8) where f is a one dim-
ensional density function and 6 is a (vector) parameter taking vlaues in an
appropriate parameter space. Given some density function of the form
described above, with f£(+,*) the normal density, we will be interested in
mappings Y satisfying P.l. and P.2. in such a way that the induced distri-
bution Qi will be that of k(k < n) ordered random variables from K inde-
pendent uniformly distributed random variables on [0, 1].

From the point of view of inference such a mapping can be used to
replace composite statistical hypotheses by equivalent simple ones in the

spirit of Yu. V. Prohorov's paper {6]. The interested reader is referred

to [2} and also a forthcoming paper, [3], in the Review of the International

Statistical Institute.

2. The Characterization Theorem

Iet us first consider a finite sequence of matrices {Ai} (i=1, 2,
*se , n-1) of size (n X n) such that the rank of Ai indicated by r(Ai) =1
(i=1, 2, *** , n-1). Furthermore let this sequence be characterized by

the following property:

It is an easy exercise to show that the matrices {Ai] form a Boolean algebra

with two operations viz.

a) the. product (ordinary) Ai x Aj =

o
+ 4l._.l. e
SOfA LA
’-l

"
>

b) the operation # such that Ai* Aj - A X Aj for every (i,j).



The important property from our point of view is that each Ai is idempotent.

We shall now consider the following matrices.Bj(j =1, 2, *** , k+l) where

P17 A ( \
1 1
By =Ry - A, 7 "3 O 0
. 11
. 2 2 ° 0
. Let A, = 0 o Y (2)
Bj = Azj - A2 (j—l) ] [ [ ] L] L]
. L 0 0 . e e e OJ
Bre1 = By T Pk (1)

We have assumed in the above that n = 2k + 3, k > 2. We note at once from

(1)
B =
a) B B_ p (r # s)
b) BB =B all r.
rr r
B = .
c) r( r) 2
Let X' = (xl, xz, e, xn) be a random vector whose components xi are

independent and identically distributed with common mean y and common var-

iance 02, — <y <o, g> 0. Consider the quadratic form

2 2 2
] —-— -
X Alx/o = (xl Xz) /20 .

2
Since (Xl - X2) has the same distribution as (X2 - Xl), X'Alx/o has a
chi-square distribution with one degree of freedom if and only if

(Xl - xz)//ZG has a normal distribution with zero mean and unit variance.

L '
and X_ are N(u, ¢ ). Since

By Cramer's Theorem (1] this implies that xl 5



Xi are i.i.d., it then follows that X v N({, 021) if and only if
X'Alx/'c2 " xi . Since each Bi (i=1, 2, ¢+ , k+1) is idempotent of
rank 2 it then follows from the given structure of the matrices Ai that
each quadratic form X'BiX/'o2 has x; or an exponential distribution.
Furthermore, since BiBj =¢ (1 # j) it implies that X‘Bix/o2 is indepen-

dent of X‘Bjx/c2 . Consider then the following quadratic forms

k+1
1 1 ' ce e 1
X'B)X, X'(B,+B,)X, X'(B+B,+B,)X, . <z Bi>X .
i=1
From (1) these are simply
] [] L] K] v = ! -
X A2X, X A4X, X AGX' , X A2 (k+1)X X An_lX
Therefore we see that
L] L] L]
_ XAZX _ XA4X . _XAsz
"1 7 xa x' "2"%xa x' * % T X'a X
n-1 n-1 n-1

are order statistics fo k independent uniformly distributed random variables

in [0, 1]. This statement follows from Lemma l. given below.

lemma l. Let Y_, Y2, e

1 be (k+1l) independent identically distri-

v Y
buted positive random variables with a continuous density function
k+1 r
. Define 2 = 2 Y./s, x =1, 2,
r . i
. i=1
ese , k. Then the Zr act like k order statistics of k independent

and mean B > 0. Let S = ) Y,
i=1

random variables from u(0, 1) [uniform] if and only if the Yi are

exponentially distributed viz. f(yi) = %-e—yi/B .

) 2
To apply this lemma to our problem we note that Y, = X'Bix/c and



nr is the Zr of the lemma. We have thus proved the following theorem.

Theorem: Let X' = (X, *-° Xn) n> 2k + 3, k > 2 be a random vector of

1
independent identically distributed components with mean p and var-

. 2 )
iance g , = < gy < ©, g > 0., Let {Ai} be a sequence of (n x n)

matrices (i =1, 2, *++ , n-1) with the following structure

a) rank Ai = i
( L., .. o
_.?.2:. % O e O
BYAQi =1 6 o0 .+« e 0

L o 0 « ess O

c) ALA, =A, i< j
ig i

1
XA, 2 2

statistics of E%E independent u(0, 1) random variables if and

X A2rX n-3 . n-3
Then Yy, = A X r=1, 2, *++ , —], act like — order

only if Xi has a normal distribution with some mean p and variance

2
g .

Application. Most goodness-of-fit problems arising in actual practice
involve nuisance parameters. The null hypotheses one wishes to test are
composite. The unknown parameters are usually estimated by maximum like-
hood principle and the asymptotic distribution of the thus modified test-
statistic is then used to construct probabilities of rejection when the
null hypothesis is true. The x2 test possesses an element of arbitrari-

ness in the choice of group boundaries and does not yield an exact test.



The Kolmogorov-Smirnov and similar tests are free from these objections
and have good asymptotic power properties against alternatives specified
in terms of distance between distribution functions Darling [4]. But a
serious limitation to the practical usefulness of such tests has been the
lack of a simple method of allowing for the presence of nuisance para-
meters. Several novel methods have been proposed in the recent past by
Durbin_[5J and sarkadi [7] to overcome this defect. Csdrgd and Seshadri
have proposed [2] the method of reducing composite hypotheses to eguivalenf
simple ones in the sense of Prohorov [6] and the theorem of Section 2
does exactly this.

Power considerations are being studied at the moment and a detailed

discussion of this aspect will be reported elsewhere.
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