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In an earlier paper [6] a city distributed uniformly over a
circle was considered in a model for an n-weapon attack using the
circular normal damage function and aiming error developed by Hunter
[4]. The expected number of casualties was evaluated using the
Circular Coverage Function p(R,xr) ([1], [2D.

Many damage curves do not fit the single-or two-term circular
normal form of Hunter, or the elliptical normal form discussed by Grubbs
[3]. These "cookie-cutter" curves are better fitted by the damage
function

1 , 0<r<k

P(n) (1.1)

Qexp(-cra), rrk, 020,c>0,
where r is the distance from ground zero.

We consider a single-weapon attack on a city having a circulaﬁ/
normal distribution of population about the origin (see Sherratt [7]);
the aiming error, as in Hunter's model [4], is assumed to be circular
normal about the point of impact (x;,y;), and the damage fuggtion of the

3

form (1.1). The Circular Coverage Function, discussed in [6], will again

figure in the evaluation of the expected number of casualties.

*This research was completed at the Research Triangle Institute,

quth Carolina, under Contract No. OCD-PS-64-56 for the Office of
Civil pefense. Revised at Southern Methodist University, October 1969.



Section 2 evaluates the expected casualties when the impact
point is given, and in Section 3 an expression for the damage
function, modified to include aiming error, is obtained. Section
4 estimates the expected casualties when the aiming point (X;,Y;)
is given. To the writer's knowledge, no previous model has led to

such a result for the cookie-cutter damage function (1.1).



2. Single weapon blast at (X3.,y1) .

Let the density of city population be (as in Sherratt [7])
p(x,y) = Po expl-(x®+y®)/2b2?], (2.1
Consider a weapon blast at (x;.,y;), and let Ty denote the expected

casualties. Then, following Fig. 1,

(X1 Y1) Impact point.

(x,y)

Fig. 1

Ty = I I P(x,y) P(Ry) dxdy (2.2)
=0 _m
if S = {(x,y) | (x-%,)2 + (Y'Y1)2Sk2}
and st = {(x,y) I (x,y§3}
then

x2+y3

™ = IIS Pgo exp[} ——555—] dxdy + IL, PoQ exp[} 5;%§3

- CJL(X-Xl)2 + (Y-Y1)a}]dXdY
= PoI, + PyQIa, (2.3)
where
n = [[ expl-GPy?) /26%]axay,

and I, = [k expl-(P+y?) /20® - o (x-x) 2 + (y-yl)z}]dxdy



Let

dla X12+ yla ,d1>0

and

2

y 1+2bg ¢ ,Y>0

In order to evaluate I; and I, we require the Circular Coverage

Function ([2], [6])

p(R,x) = 1/(21T)H'R exp {%(x2+yé)}dxdy

integrated over the region Rin which
(x-a')2 + (y—b')2 <R®,
a'? + p'® = r®,
Then
1, = 2m%p(k/b, d;/b) .
We also require Lemma 1 and Corollary 1 of [6].

The corollary proved there states (in the present notation) :

uS,exp[—Ax?+2Bx—Ay3+2By]dxdy = ﬂA—lexp[(B“+B'9)A]

&
.{.l—p.[ 28) k, (2(B%+B'®)/a) 1+
where A>0, and B,B' are arbitrary.
Then, setting u = x-x3, V=Yy-V1.

Iy = exp[-dla/(zbs)].j'fs,exp[—(uzwzwz/ (21%)

- %u/b%-y; v/b%]  auav

(215° /v3) exp(-cd, 2 /Y* ){. 1-plky/b,d; / {¥b) ]}

on applying Corollary 1 of [6] over the circle S: uP+v®sk?,

and g', and simplifying.

(2.4)

(2.5)

(2.6



Hence, applying (2.4) and (2.5) in (2.3), the conditional expected
casualties, given impact occurs at (x;,y;), are given by
Ty < (Z“PoQba/Ya)eXP(-Cdl2/Y27{1-‘P(kY/b.d1/(b\())}
+ 2MPob° p(k/b,d; /b) (2.7)

3. Modified Damage Function.

If aiming error about an aiming point (X,Y) is considered,
it is convenient to obtain an expression which modifies the damage

function. Fig. 2 shows the model in diagrammatic form.

(x,y)

(x1 ,v1)
(X,Y) Aiming point

Fig. 2

Let the distance from the aiming point to (x,y) be E, and
let o® = 1 + 20°c,
where 0® is the variance parameter of the circular normal distribu-
tion of aiming error about (X,Y). Then we obtain the modified
damage function in the form of
Theorem 1. If the probability of an individual becoming casualty
at a distance r from the impact point of a weapon is given by (1.1),
and if the impact point has a circular normal distribution about
the aiming point with variance parameter o2, then the probability of

an individual at (x,y) becoming casualty is given by




Pee ¥ (cas) =plk/0,R/0] + (0/02)exp(-cR 2/ozay{l-p(ko//o, E/(ao))}

(3.1)
Proof: TetS (x,9) = {(x,y) l (x=%7)2 + y-yla)Ska}
where (%;.,yy) is the impact point; thus S (x,y) is the set of
(x,y) such that the probability of becoming casualty is 1, when

(%3 ,v1) is specified. Then following Hunter's argqument (cf, his Eq.(10)),

=< I . <]

P(x,y) (Cas) = Im ‘[m P(x,y) (CaSIimpact in element dx;dy,)

.Pr(impact im element dx;dy;)dx;dy:

=-”:q (1/ (2m0°)) expE 1/ (26%)) {(Xl -X) %4+ (y1-Y) 5}]dx1dy1

(x,Y)

+‘”S' Qexpl-~c (x—X1)3_c (y-v1)2%]. exp[—(l/ (20%) ){(xl-X)a
(%x,y) _

+ 7 ‘Y)a}]dxldyl

* *
= L HIp ,say. (3.2)

Again, put u=x-x;, v=y-y;. Then

*

I, = HS (2mo®) 71 exp(l} (20%) 71 {(u+x-X) 2+ (vty-Y) 2}]dudv
= (2110%) Yexpl- (20%) "1 R2] "U‘S exp [— {202y 1 {u2+va -2u (x-X)

=2v(y-Y) }] dudv
=(2110°) Yexpl-(20°%) 1R?].2m0® exp [(20’) 1 ie] p[k/O,i/o]

p(k/0,R/0) .

Likewise

lal
(]
i

(210%) exp(-R2/(20%)) [ 0, [{-of" (uP+v?)

=2 (x=X)u-2 (y-Y) v}/(ZO%]dudv

= (1/e®) exp(—ciz/oza)ﬁ-p (kat/T, R(Co) )}



on applying (2.5) and simplifying.

The result follows, from (3.2). Q.E.D.
Aiming error is now incorporated into the damage function by
Theorem 1, and casualties from a single weapon attack may now be
estimated.

4. Single Weapon Attack with Aiming Error.

Denote by P(Cas) the damage function (3.1). If p(x,y) is the
city population density at (x,y), then the expected number of casual-

ties C from a single weapon aimed at (X,Y¥Y) is given by

© @
¢= Im £w p (x,y) P(Cas)dxdy
Using the circular normal urban density model (2.1), let
B2 = o® + 2p°c, B>0.

Then Theorem 1 gives

=] ©
c=[ - fw Poexpl-(2b%) ! (x3+y®) ][p(k/o,i/c)+Qoz‘9exp(—c‘R2/a2)
.{1-P(koz/c.§(0a) IR E}dxdy (4.1
= PolIg + (PoQ/0) (I4~Is) (4.2)

where
Iy = [ expl-(xP+y®)/(2b) 1p(k/0,R/0) dxdy

o0

Ty = Im eXP[--(X“'l‘yi’)/('Zb“)-’c{(x—x) 2 (y-Y)a}/aa]dxdy
Ig = j‘: expl - (x%y?) / (2b%) —cR2 /o] p (ka/0 , R(O®) %) axdy

Pirst,

= [o o]
= expl- x?+v%) c/a?1[ i o expl -l +y®) / (20°1°) +2cxx/0®

£
I

2
+2cYy/o Jdxdy



=2 (a®/B?) mb®expl-cD? /a?+2b2c2 D2/ (02 B2) ] (4.3)
using (2.5) of [6], and where
D® = x®4Y® as in Fig. 2.
In order to evaluate Iz and Is, we require a Bessel function, and
then to apply a property of p(R,r). First, we rotate the axes so that

(X,Y) lies on the new x'-axis, and then translate the origin to (X,Y).

Thus let
X = (x'+D)cosay' - y'siny'
y = y'cosy' + (x'+D) sinx'

where tana' = Y/X.

R is invariant under translation and rotation, and R® = x'2+y'Z2,

so Io = [ [7 expl(-1/(2b%)) (x'2+y'2+2x" D+D) I p (k/0, R/0) dx'dy"

~0 0

Finally, introduce polar coordinates,

x' = Rcos®
y' = Rsin®.
Then
I = f:j‘g Texp[ - (R%+D?) / (2b®) -DRcos §/b% ] p (k/0,R/0) Ra &R
= 2nj:exp[- (R+D°) / (2b°) 11, (DR/B?) p(k/0, R/0) RAR, (4.4)
where
Iy (z) = (2m) '1“{;’" exp(-zcos ) d o

is the modified zero-order Bessel function of the first kind.

We require the result

p(ro/s,d/s) = c"_j':p(ro/s,r/s) expl- (?+a%) / (20°) 11 (xd/0%) rdr

where (4.5)
s? = g2+6°

(See, for example, Egs. (15) and (16) of [5]).



Then it immediately follows from (4.4) and (4.5) that

I3 = 2nb®plk (b%+0?) - -%

,D(bP+0%) ™ 7] (4.6)
Next, we make the same translation and rotation for Ig as for Iz, and
similariy transform to polar coordinates. We get
Ig = 2nf§p[ka/0,§/(ou)]exp[—(§?+Dﬁ,qzbﬁ)_cﬁ?/azl
.Io (DR/b%) RAR
In order to apply (4.5) to this integral, it is necessary to rearrange
with the use of auxiliary faétors. Writing Ig in the form
Iy = 2nexp(—cD2/Ba)ﬁ;{M2/Cd) ,I-V(OD')]
.exp [—{i°+ (Do /B%) ?}/ <2b=a’/89_>] - IO[D (@®/B%) R/ (bat/B) f] RAR,
We can apply (4.5) to get

% b

Ig = 2m(a®/B?) exp(-cD°/B®) plka (03+b%/B%) ~ 7, Dop 2 (09412 /8%) 7
(4.7

Collecting (4.3), (4.6) and(4.7), C is obtained. We state this in

the form of e

Theorem 2. Under the model described (viz. urban population density

(4.1) , damage function (1.1), aiming error as in Theorem 1), then the

expected number of casualties from a single weapon aimed at (X,Y) is

c= 2npob3[p(k/ (b‘-’+c?);’,n/ (b°+c’);5) + (Q/B%) exp(-cD®/B®)
-{1—p (koB/ (53+0%8%) %, D (0/8) / (b3+3P8?) !’)}J (4.8)
where of = 1+2c0%, >0
B2 = o?+2bic, B>0.
Proof: This follows from (4.2), (4.3), (4.6) and (4.7). Q.E.D.
if Se? = bP4+02, 5,>0,
5,9 = o?+2b%c, s,>0,
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then (4.8) can be written
C = 2mPyb® [p(k/SO,D/So) + QB Rexp(-cD?/B?)
.{l-p (kaB/$, , Dot/ (le))l] . (4.9
The proportion of the city population which falls casualty to this
single weapon attack is C/(2ﬂPob2).
The programming of (4.9) can be done by Wegner's approximations

[8] to p(R,r), and these are set out in the author's earlier paper [6].
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