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ABSTRACT

One-sided prediction intervals for a normal population are extended
to a third sampling stage. Procedures and tables are given for two
situations. In the first situation, methods for obtaining such intervals
are presented, and tables for calculating such prediction intervals are
provided. In the second situation, a two-stage prediction interval has
been applied, and authird stage is now required. Sample sizes are given

for the third stage.
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1. INTRODUCTION

A random sample of n observations from a normal population is
available. We wish to use its sample mean and sample standard deviation
to compute a prediction interval for future samples. A survey article
by Hahn and Nelson (1973) discusses prediction intervals for var%ous
populations. Mann, Schafer and Singpurwalla (1974) give an interval
which contains with probability y all m observations of a future sample
from the same population. Fertig and Mann (1977) construct prediction
intervals to contain at least'm—k+i—out—of—m—futnre—observations—from——————————
a normal distribution with probability i-B. They consider life-test
data and the variate of interest is the failure time of an item. Their
lower prediction limit constitutes a '"warranty period."

In this paper, we will extend these results to a third stage.

The second stage prgduction'(the future production of Fertig and Mann
(1977)) met the warranty ;riterion and we are now reqﬁired to go into
a tertiary stage where at least %-t+l out of % additional items are
needed to meet the same warranty criterion given that at least m~k+l
out of m items met the criterion at thg‘second stage. That is, . -we
know that at least m-k+l out of m items produced at the second stage
were larger than X-rS (where X and S were based on a sample of size n
at the first stage) and we are required to have £-t+l out of £ items

in the third stage larger than X-rS.



We will solve this thfée-stage prediction problem for two situations.
First, in Secfion 3 we consider the case where we know in advance that
we are going to have three stages and in this case we solve for the value
of r in the criterion such that
> X-rs} = 1-B

P{zZ, | > X-rs|Y

(t) (k)
where Z(t) and Y(k) are order statistics as defined in Section 2 below.
Secondly, we assume that the criterion of Fertig and Mann (1977) was met

by the second stage sample, i.e. Y(k) > X-rS. Then it is necessary for
additional production to meet the criterion that 2-t+l out of 2 items on

a third stage are larger than X-rS. Here we solve for the largest possible
sample size, 2, given the values of B, n, m, k and t, and that the value

of r from Fertig and Mann (1977) was used at the second stage and will

be used again at the third stage.
2. FORMULA DEVELOPMENT FOR THE THREE~STAGE PROBABILITY

Let Xl,...,Xn be a random sample from the N(u,oz) distribution. At the
first stage of our three-stage procedure the sample mean X and the
sample standard deviation S are computed from this sample. Let
Yl,...,Ym and Zl,...,ZZ be independent random samples for the second and
third stages, respectively, from the same N(u,oz) distribution. All
n+mt+f observations are independent of one another. In both of the
situations under consideration we have to investigate the conditional
- is the t?h smallest

probabilityf%z(t)>§+rs|Y > X-rg}, where Z

(k) (t)

observation from the third stage sample of size % ; Y(k) is the kth
n
smallest observation from the second stage sample of size m; and §==i§lxi/n
n
and 82 = i§1(Xi—X)2/(n-1) are the sample mean and sample variance of

the first stage of size n.



The probability that at least m-k+l out of m observations in the

second sample are greater than X-rS is given by

Pr(Y g, > k-rs) = _;[o‘” Pr(y > i—rs)fY(k) (y)dy

= 7 Fr_sWEy © (y)dy - (2.1)

where fY(k)(-) is the pdf of Y(k)

The coqputational form for this two-stage probability P(Y(k) > X-rS)

and Fi—rs(.) is the cdf of X-rS.

was given in Fertig and Mann (1977). The joint probability that at
least (m~k+1l) out of m observations in the second sample are greater
than X-rS and at least (2-t+1) out of L observations in the third
sample are greater than X-r8 is given by

Pr(Z

>X-rS,Y,, | >X-rS) .

(t) (k)

= fm Pr{Z(t) > %X, ¥y > x}fi_rs(x)dx

-l

-L0

= [ Pr{Z(t) > x} Pr{Y(k) > x}Fé_rs(x)dx

t-1 +k-1 . ’
_ 2 m\ (® X=y, L i+j ., L ox-U m+-i-j _ 1
—jzo (j)izo (i)_i 617 [1-6(5D) ] Fr__o(x)dx

(2.2)

where G(+) is the cumulative distribution for N(0,1). Equation (2.2)

follows from the equations

t-1
L X~U.j X=U, 1 &-j
L (J) (e [1-c &)

Pr{z(t) > x}

and

k=l (m x-H, ;1 X-},\ ym-i
Pr{Y(k) > x} iZO i [GGT;J] [l—GGT;O] .



Carrying out the integration in equation (2.2) by parts, we obtain

Pr{Z(t) > X-rS§ oY > X-rS}

@) [ [1-eER “)]m” e (x “)F Lg (X)dx

=00

+

t-1 k-1

; N * e (&R X_‘U.i*‘j_X;Uma-SLlJl

jZO <J> iZO<i){(m+RZIL G' e T 16 g (0)dx
i+j#0

- @) [T 6 R e 1M e & M e, (o

t-i <2> kil ( m> 1 { f°° . (
L)Y f (x)F= x)dx
j=0 \3/ 320 \1 m‘:f_; ) o Vitjel,mg | XTS

-7 ¢ (x) F= (x)dx} (2.3)
= Vitgme-1 | XTS

_where Va b is the ath smallgst observation in a random sample of b
b4

observations from the N(u,oz) distribution and fv (¢) is the pdf of
' a,b

Va b Using equation (2.1), we obtain
>

yA > X- > X~
Pr{ (t) s ,Y rs}

(k)
t-1 3 k- N 1 _ _
= _Z (j) .Z (i) .(EIE:I {Pr(vi+j+1,m+2 > X—rs)-Pr(Vi+j,m+£_l:>X—rs)}
j=0 i=0 .

i+j
That is, the three-stage joint probability here can be expressed in terms

of the two-stage probability.

3. DETERMINATION OF THE FIRST STAGE FACTOR r
WHEN THREE STAGES ARE TO BE USED

In this section we assume that we know we have three stages before

the first stage is completed. The lower prediction limit X-15 can be



obtained by determination of r such that

Pr{Z(t > X-rsly,, , > X-rS} = 1-B.

) (k)
The intervals are constructed such that they will contain with
probability (1-B) at least (&-t+l1) out of £ observations from a third
stage sample given that they contained at least (m~k+l) out of m
observations from a second stage sample.

For n=2(2) 10(5) 30(10)50, « and m=%2=20(10)80, and the following

values of k, t and 8 we found the value of r as given

in Tables 1 through 9:

Table kot 8
1 1 2 .10
2 1 2 .05 |
3 1 3 .05
& 1 3 .10
5 1 4 .10
6 2 2 .10
7 1 4 .05
8 2 3 .10
9 2 3 .05

4. SAMPLE SIZE REQUIRED FOR THE THIRD STAGE GIVEN
THAT THE SECOND STAGE SAMPLE SATISFIES FERTIG
AND MANN'S CRITERION
We assume that the user has conducted the two stage process as

given by Fertig and Mann (1977) and that the second stage sample has

met the criterion that at least m~k+l out of m observations are greater



than X-rS where r is obtained from Fertig and Mann(1977). Now we wish to find
the maximum third stage sample size, £, allowed. so that with probability

1-B at least (&-t+1) out of £ observations are also greater than X-1S.

> X-rS} = 1-8.

That is, Pr{Z, , > X-rS|Y

(t) (k)
Since it seems logical that the same risk be applied to the third

stage as was used on the second stage, we also assume that
Pr{Y(k) > X-¥S} = 1-B. Then we wish to find the maximum possible

sample size % such that Pr{Z(t) > X-r§ , Ty > X-rs} > (1—5)2-

k)
For n=10(5) 30(10) 50, < and m=20(10)80, and the following
values of k, t and B we found the values of the third stage sample

size % as given in Table 10 through 12:

Table k

jer

§ .
10 2 2 .10
11 2 3 .10

12 2 2 .05
5. EXAMPLE

The breakdown voltage is available based on a random sample of 10
capacitors from a population of capacitors. The sample mean, X, and
sample standard deviation, S, of the breakdown voltages in kilovolts
(KV) for these 10 capacitors are 9.53 and 1.00, respectively. A normal
distribution for the breakdown voltage is assumed. We wish to use
these 10 observations to obtain a 95 percent prediction interval
for the 2nd smallest bredkdown voltage of a future sample of 40
capacitors from éhe same population. For n=10, wm=40, k=2 and B=.05,

Fertig and Mann (1977) found that r=3.28. Hence a 95 percent lower



prediction limit for the 2nd smallest breakdown voltage of the 40 capa-
citors is given by i—ré=9.53—(3.28)(1.00)=6.25 KV.

For the problem discussed in Section 3 of this paper where we
assume that we are going to have a third stage sample, we are given that
the third stage sample size £ is 40, n=10, m=40, k=2, t=3 and B=.05.
From Table 9, we get r=2.3949. Hence our breakdown voltage of the
capacitors is at least 9.53-(2.3949)(1.00)=7.14KV. Now we can be
95 percent sure that at least 38 of these 40 capacitors at the third
stage will have breakdown voltages which exceed 7.14 KV given that
at least 39 out of 40 capacitors at the second stage had breakdown

voltages which exceeded 7.14 KV.

Next consider the problem discussed in Section 4 of this paper where
we find that additional capacitors are needed given that with probability
.95 at least 39 of these 40 capacitors at the second stage had breakdown
voltages which exceeded 6.25 KV. We use the Tables 10 through 12 to
answer the following question: What is the largest third stage
sample size £ we can take and still be 95 percent sure that at least
£-1 capacitors in the third sample will be greater than 6.25 KV?

Hence, m=40, n=10, k=2=t, B=.05 and % is to be determined. From
Table 12, we find =64 to be the largest third sample size which
gives a 95 percent confidence that at least 63 out of 64 of the third
stage sample will have breakdown voltages which exceed 6.25 KV. Of
course, any sample size smaller than 64, say £, will have at least

%~1 voltages which exceed 6.25 KV with probability at least 0.95.
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